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ABSTRACT 


For the last two decades, extensive researches and investigations have been 
carried out to understand the concept, mechanism and behavior of reinforced soil 
structure as well as new technologies which resulted in the utilization of a variety of 
reinforcements and backfill materials. Almost all the available methods for the design of 
reinforced earth structures incorporate only the axial pullout mechanism and do not 
consider oblique pull or displacement of the reinforcement. Practically in all the cases, 
the kinematics of deformation dictates both the force and the displacement to be oblique 
to the reinforcement element. The response of sheet reinforcement due to an oblique 
force is a combination of responses due to transverse and axial forces. In this thesis 
work, a method is proposed for the analysis of reinforcement subjected to transverse 
force or displacement. Simple mathematical models are proposed to study the responses 
of inextensible as well as extensible sheet reinforcements subjected to downward 
transverse djsplacement/force. The analyses is carried out assuming (i) the full shear 
resistance to be mobilized along the reinforcement-soil interface and (ii) the shear 
resistance along reinforcement-soil interface is mobilized as a function of the horizontal 
displacement of the interface subjected to a maximum value. Firstly, the normal stress- 
displacement response of the subgrade is assumed to be linear (linear subgrade) and 
latter a more realistic case of hyperbolic stress-displacement response of the soil is 
considered. The analysis of both extensible and inextensible sheet reinforcements is 
carried out for a wide range of soil and soil-reinforcement interface characteristics. 

Finally, based on the proposed model, a method for the estimation of the bearing 
capacity of a two-layered soil with a sheet reinforcement inclusion is presented. 
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NOTATIONS 


De Embedment depth of reinforcement. 

J Stiffiiess of reinforcement. 

f Relative stiffiiess of reinforcement (= J/Tmaxp, T^axp = 2yDeLtan (pr ) . 
ks Initial tangent modulus of subgrade reaction. 

kr Initial slope of shear stress mobilized vs horizontal displacement of interface. 

L Length of reinforcement. 

i g Extended length of reinforcement calculated firom change in geometry. 

L!g Extended length due to change in geometry normalized with length of 
reinforcement. 

L’g Extended length of reinforcement calculated firom tensions along reinforcement. 

Extended length due to strains normalized with length of reinforcement. 
n Number of elements the reinforcement is divided. 

P Transverse force at front end. 

P* Normalised transverse force {=P/yDeL). 

q Normal stress due to transverse displacement. 

qb Stresses acting on bottom surface of reinforcement. 
qt Stresses acting on top surface of reinforcement. 
quit Ultimate bearing resistance of the soil. 

T Tension developed in the reinforcement. 

Tmaxp Axial pull out capacity. 

T* Normalised tension developed in the reinforcement (= T/Tmaxp, Tmaxp = 


2yDeLtan(pr)- 



i)e ^ ^ 

T max Normalised maximum tension in the reinforcement i=Tmax/T„,axp) 
u Horizontal displacement of interface between soil and interface. 

U Horizontal displacement of interface normalized with length of reinforcement 
{=u/L). 

w Transverse displacement of reinforcement. 

wl Transverse displacement at front end. 

W Transverse displacement of reinforcement normalized with wl {=w/wl). 

Wl ■ Normalised front end displacement (=wi/L). 

W* Transverse displacement of reinforcement normalized with L .(=w/i). 

X Normalized distance {=x/L). 

Xo Active length of reinforcement. 

Xo Active length normalized with length of reinforcement. 

P a parameter that quantifies the relative initial subgrade modulus with the 
ultimate bearing resistance of the subgrade {=ksL/quit) ■ 

Ax Length of infinitesimal element. 

AX Length of infinitesimal element in normalized form. 

rj Relative initial shear stiffiiess factor for subgrade {-ksL/yD^. 
fi Relative subgrade stiffiiess factor (-ksL/yDe). 

y Unit weight of soil. 

Interface angle of shearing resistance between reinforcement and soil. 

X =kT:/ks. 

6 Inclination of reinforcement. 



Inclination/slope at front end. 


Ol 

T Mobilized shear stress at interface. 

Tb Shear stresses on bottom surface of reinforcement. 

T, Shear stresses on top surface of reinforcement. 

'^max Maximum shear stress that can be mobilized along interface. 

('^max)b Maximum shear stress that can be mobilized at bottom surface of reinforcement 
sheet 

(T^max)! Maximum shear stress that can be mobilized at bottom surface of reinforcement 
sheet 
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Chapter 1 
Introduction 


1.1 General 

Reinforcement of soils and ground has become one of the most preferred 
alternatives for the modem design of earth stmctures which are relatively more strong, 
economic and earthquake resistant than conventionally designed ones. New 
developments in many innovative uses of geosynthetics have offered engineering 
solutions for reinforcement, drainage, separation, and stabilization. Unlike the 
conventional soil retaining structures, reinforced soil structures are relatively flexible 
and can withstand larger displacements and tensions without catastrophic failures. In 
many cases effective use of reinforcements necessitates the recognition of its 
mechanical behavior in combination with the properties of the soil to be reinforced. 
Response of the reinforced soil structures in particular, depends on the soil- 
reinfocement interface characteristics. 

Typical reinforced earth or soil structures are retaining walls, embankments, 
nailed slopes, subgrades beneath pavements, etc. (Fig. 1.1). These stmctures are 
designed to resist disturbing forces by transferring them back to the soil through 
interface shear stresses between the soil - reinforcement and tensile forces within the 
reinforcement elements. The soil-reinforcement interaction mechanism can be 
simplified into two types: soil sliding over the reinforcement or direct shear mechanism 
and pullout of the reinforcement from the soil or pullout mechanism. The two 
interaction mechanisms are depicted in Fig. 1.2. The interface shear strength and stress 
- displacement response are evaluated by the modified direct shear test in which one 
half of the box contains the soil while the reinforcing material is bonded such that it 
interacts with the soil. The pull-out test is used to determine directly the resistance 
offered by the reinforcing element. In the latter test, it is presumed that the 
reinforcement is acted upon by an axial force while in practically all cases the 
kinematics of deformation (Fig. 1.3) dictates both the force and the displacement to be 
oblique to the reinforcing element. 
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Almost all the available design methods, incorporate only the axial pull-out 
mechanism and do not consider oblique pull or displacement of the reinforcement (Fig. 



Rrm foundation 


a) reinforced soil retaining walls 



b) reinforced soil steep slopes 



d) reinforced embankments on 
soft foundation 


Embankment 



e) reinforced piled embankments 


Embankment 



c) reinforced clay fill slopes f) reinforced embankments over 

areas prone to subsidence 


Fig. 1.1 Common Applications of Reinforced Soil 

1.4). Under the action of axial pull, the normal stresses on the reinforcement - soil the 
same as the gravity stresses. Consequently, the shear resistance mobilized at the 
interface is proportional to these normal stresses. However, under the action of oblique 
force or displacement, the soil beneath the reinforcement mobilizes additional normal 
stresses as the reinforcement deforms transversely. As a result, the shear resistance 
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mobilized could be considerably different in case of reinforcement subjected to oblique 
force. The response of sheet reinforcement to an oblique force is a combination of 


FAILURE SURFACE 



Fig. 1.2 Typical Reinforced soil mechanism showing two Possible Interaction 
Mechanisms 



Fig. 1.3 Kinematics of Reinforcement - Soil Interaction 
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Center of Slip Surface 



Fig. 1.4 A Typical Pullout Mechanism 


responses due to transverse and axial forces. In this work, a method is proposed for the 
analyses of reinforcement subjected to transverse force or displacement. 

1.2 Objective 

An attempt has been made to formulate and analyze the sheet reinforcement 
subjected to a transverse downward displacement/force. Literatures explaining the soil- 
reinforcement interaction due to application .of transverse displacemenP'force are scarce. 
This thesis work is a small contribution to the current state of science and art of 
theoretical formulation and numerical analysis for the interface earth reinforcement 
interactions. 

1.3 Scope and organization 

A simple mathematical model is developed to study the response of inextensible as 
well as extensible sheet reinforcement subjected to transverse downward 
displacement/force. The analyses is carried out assuming (i) full resistance is mobilized 
along sheet-soil interface and (ii)'the shear stresses along soil-reinforcement interface is 
mobilized as a function of the horizontal displacement of the interface between the sheet 
and the soil subjected to a maximum value (i.e, full shear resistance). To begin with, the 
stress-displacement response of the subgrade is assumed to be linear (linear subgrade). 
Latter, a realistic case of hyperbolic stress-displacement response of the soil is 
considered (non-linear subgrade). The outline of the analyses carried out is presented in 
the form of a flow chart in Fig. 1.5. 
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A review of the existing literature (chapter 2) indicates that the analyses of sheet 
reinforcement subjected to oblique force are scarce. 

Chapter 3 deals with the analyses of inextensible reinforcement subjected to a downward 
transverse force. A simple model is developed and the analyses are carried out for a wide 
range of soil and soil-interface characteristics. 

Chapter 4 focuses on the analyses of extensible sheet reinforcement due to application of 
transverse displacement/force. 

Summary and conclusions based on the present study are given in chapter 5. 



Fig. 1.5 Outline of the Analyses 















Chapter 2 

Literature Review 


2.1 General 

In the last three decades, there has been a significant growth in the engineering 
application of geosynthetics for stabilizing earth structures. All efforts are being made 
to xmderstand the soil-inclusion/reinforcement characteristics with respect to the overall 
mechanism of the composite medium. Till date, there is no significant study with regard 
to the behavior of sheet reinforcement subjected to an oblique downward force. The 
response of soil due to an oblique force is a combination of responses due to axial and 
transverse forces. This chapter mainly deals witii the review of a) Soil-reinforcement 
mechanisms, b) the theoretical and experimental studies on the reinforced earth due to 
pullout force c) studies related to present work and d) the studies on the bearing 
capacity of reinforced ground. 

2.2 Soil-Reinforcement Mechanism 

Jewell (1992) proposed two limiting modes of soil-reinforcement interaction 
mechanism; soil sliding over the reinforcement (direct shear mechanism) and the 
pullout of the reinforcement firom the soil (pullout mechanism). Fig. 2.1 shows the 
conceptual sketches for these cases. 

The direct shear resistance between the reinforcement and the soil has two 
components, namely: the shear resistance between the soil and the reinforcement plane 
surface and the soil to soil shear resistance (Fig. 2.2). Jewell et al. (1984) proposed the 
general expression for direct sliding resistance as 

F, =o-„4a*-tan^^ + (l-a*)tan^zi^] (2.1) 

where is normal stress at shear plane, A is total area, ^is is fiiction angle of soil in 
direct shear, 5 is skin fiiction angle between soil and reinforcement shear surface, and 
ttds is ratio between the reinforcement shear area and total shear area. 
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Fig. 2.1 Two possible interaction Mechanism in Reinforced Soils (Jewell, 1992) 



1*1.* *.',v ;• ;«f<M #«*,♦, I 

a) shear resistance between soil and reinforcement plane surface area 



b) soil to soil shear resistance 

Fig. 2.2 Components of direct Shear Resistance for Geogrid reinforcement 


The pullout resistance consists also of two components, namely: friction resistance and 
bearing resistance (Fig. 2.3). The frictional resistance can be calculated as 

F^. = 2{Ai + A, )a„ tan 5 (2-2) 

where Ai is frictional area of longitudinal members at the reinforcement plane surface 
and At is frictional area of transverse members at the reinforcement plane surface. The 
bearing resistance is evaluated by bearing capacity theory as follows: 

Where c is cohesion of backfill soil, On is applied normal pressure at the 
soil/reinforcement interface, Nc,Nq are bearing capacity, factors and Ab is the bearing 
area of transverse members. 
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Fig. 2.3 Components of Pullout Resistance for Grid Reinforcement 


Different assumptions have been used for determining the bearing capacity 
factors. Peterson and Anderson (1980) proposed a general bearing failure mechanism 
(Fig. 2.4a) and proposed the following bearing capacity factors 


= exp(;r. tan 


U 2 ) 


(2.4) 


A,=cot</5(A,-l) 


(2.5) 


Jewell et al. (1984) assumed a punching shear failure mechanism (Fig. 2.4b) and 


thus 


A,, = exp 


'^1 

+ 

J 

tan 

'' TT (f)^ 

j 

J J 


l4 2) 


N^.=cot<p{N^-l) 


( 2 . 6 ) 

(2.7) 


The general bearing failure and punching shear failure mechanisms form the 
upper and lower bounds (Palmiera and Miligan, 1989; Jewell, 1990) of the pullout 
bearing resistance. 

Palmiera and Miligan (1989) obseiwed loss in pullout load with decreased spacing 
of transverse members due to increased interference. 
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(a) General Bearing Failure Mechanism 
(After Peterson and Anderson, 1980) 



(b) Punching Shear Failure Mechanism 
(After Jewell, Milligan, Sarsby and Dubois, 1984) 

Fig. 2.4 Pullout Bearing Resistance Mechanism 

2.3 Analytical and Experimental Studies on Pullout Response 

Farrag et al. (1993) presented the testing equipment, specimen preparation and 
testing procedures for load controlled and displacement rate controlled pullout tests for 
geosynthetic reinforced granular soils. The influence of test type, confining pressure, 
soil density, boundary conditions, and geotextile characteristics on pullout load- 
displacement response of selected geogrids embedded in sand were evaluated. 
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Bergado and Chai (1994) proposed expressed a new bearing capacity equation to 
calculate the maximum pullout force of extensible grid reinforcement by incorporating 
the influence of rigidity and spacing ratio (s/D, where s is the bearing member spacing 
and D is the bearing member thickness). 

Alfaro et al. (1995) proposed the combined two-dimensional (caused due to soil- 
reinforcement interface friction) and three-dimensional mechanism (caused due to the 
confinement of the dilating zone of soil around the reinforcement) to evaluate the 
pullout resistance of geogrid strip reinforcement embedded in dense granular soil. 

Lopes and Ladeira (1996) studied the interactive behavior of high density 
polyethylene uniaxial geogrid specimens in a well graded, gravelly sand, and the effects 
of specimen geometry, soil height and sleeve length using a large pullout box. 

Sobhi and Wu (1996) presented an interface pullout formula for predicting and 
interpreting pullout test results for extensible sheet reinforcement. The model was based 
on three postulates. They are: a) The postulate of stationary confining soil states that the 
confining soil remains stationary at all times during the a pull out test, b) the postulate 
of interface shear stress mobilization assumes that the shear stress induced at the soil- 
reinforcement interface along the active length (the distance along the reinforcement at 
which the tension in the reinforcement equals zero) is uniform and is equal to the 
limiting interface shear stress and c) the postulate of cumulative deformation frictional 
resistance developed within the elongated length of the reinforcement is significant and 
must be accounted for in the analytical model. The analytical solution was used to 
predict the active length of the reinforcement, pullout force to induce pullout failure, 
coefficient of interface friction for the soil and the reinforcement and reinforcement 
displacement along the length. 

Wilson-Fahmy et al. (1996) considered the long-term pullout behavior of 
polymeric geogrids. The experimental results indicate that the pullout strength after 
1,000 hr sustained loading could be assumed to be equal to the short-term pullout 
strength. 

Gurung (1999) proposed a new model for the pullout test on highly extensible 
reinforcement. A bilinear shear stress-displacement relationship was assumed. A 


relative stiffness parameter, a 


2k 1} w 

— — , a relative displacement parameter, jB = — 
Ej. L 
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/c 

the stiffness ratio and = — 


were introduced in the governing non-linear equation 


for a pullout phenomenon. The variation of normalized displacements, strains and 
normalized pullout forces along the reinforcement length for wide range of parameters, 
a, P and Rk were presented. The proposed model predicted reasonably with the response 
from field pullout tests. Later, a model was proposed for a non-linear (hyperbolic) 
response of the soil and variations were given similar to that for a bilinear model. 

Gumng (2000) proposed an analytical model for strip anchor reinforcement and 
incorporated a hyperbolic shear stress-displacement relation for the soil -reinforcement 
interface shear stress during pull out tests. A new concept of an anchorage factor 
(anchor to strip reinforcement capacities), the relative stiffhess and the displacement 
parameters were defined to explain the pullout behavior. The normalized load- 
displacement relationship and the variations of pullout force and displacement with 
distance along the reinforcement, at different anchorage factors, are presented. The 
degree of reduction in the pullout displacements for the increased capacity of the anchor 
reinforcement was illustrated. 


2.4 Studies relating to Oblique Force along Reinforcement 

Leschinsky and Reinschmidt (1985) in the stability analysis of membrane- 
reinforced slopes based on limit equilibrium and variational extremization considered 
that a membrane at the failure surface would bend at an unknown angle, 6, as the 
collapse begins. The tension developed in the membrane was assumed along this angle, 
e (Fig.2.5). 



Fig 2.5 Forces considered in the stability Analysis 


11 



Degenkamp and Dutta (1988) presented the chain tension at the anchor point and 
the chain configuration inside the soil for an anchoring system consisting of a pile with 
an embedded connection between the anchor pile and the mooring chain (Fig. 2.6). 
They proposed a two-dimensional static analysis to evaluate the variations of tension 
and chain configuration inside the soil. They also proposed the effective width of the 
chain to be used in the calculation of soil resistance in bearing (EWB) and friction 
(EWS). 


Fv F 



Fig. 2.6 Chain Configuration between Floating Structure and embedded Pile Lug 

Leschinsky and Boedeker (1990) investigated the internal and external stability 
analyses of geosynthetic reinforced soil structures for two extreme inclinations of 
reinforcement tensile resistance, orthogonal to the radius vector defining the 
geosynthetic sheet, and horizontal, signifying the as installed position. The assumed 
horizontal tensile resistance produced values of required tensile resistance that are 
slightly larger than those for orthogonal geosynthetic force. 

Athanasopoulos (1993) placed the geo textile reinforcement perpendicular to the 
plane of shear in a direct shear tests on unsaturated clay samples reinforced with woven 
and non-woven geotextiles. The pullout force is resisted by the horizontal component of 
tension developed along the reinforcement in the shear zone (Fig. 2.7). The value of 
tension, T, developed in the sheet of reinforcement is given by 
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T = tanS 


(2.8) 


The shear strength increase, Ax, of reinforced soil with vertical orientation of 
reinforcement is given by 


At = — (sin 0 + cos 0 tan 


(2.9) 


where Ax is the difference of peak strength between reinforced and unreinforced sand, 
Af is the sheared area of sand in the direct shear test, 0 is the angle defined in Fig. 2.7, 
and 4) is the angle of internal friction of sand. 



Fig. 2.7 Direct Shear testing of Soil Sample reinforced with a Sheet of Geotextile 

Neubecker and Randolph (1994) presented analytical expressions that describe 
the anchor chain profile in uniform soil and soil with strength increasing linearly with 
depth. Analytical expressions have also been derived that relate the chain tension to the 
inclination angle for any general soil-strength profile. 

Burd (1995) proposed an analytical model for a plane strain membrane 
mechanism of reinforcement under the application of a monotonic load. He postulated a 
method for the determination of the actives length of the reinforcement. 

2.5 Bearing Capacity of Reinforced soils 

Binquet and Lee (1975) addressed the analytical problem of the bearing capacity 
of a strip footing on a granular soil containing horizontal layers of tensile reinforcing. 
Fig. 2.8a shows the assumed failure surface. Zone I-immediately below the foundation 
was assumed to settle along with the foundation under the application of load and on 
each side of zone 1, the soil was pushed downward - this is zone II. Under the 
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application of bearing pressure by the foundation, the reinforcing ties at along a‘, c' and 
a, c was assumed to take two right angle turns around two frictionless rollers (Fig. 2.8b). 

Akinmusuru and Akinbolade (1981) reported some experimental works on square 
footings paced on a deep homogenous sand bed reinforced with flat strips of the rope 
fiber material. It was shown that depending on the strip arrangement, ultimate bearing 
capacity values can be increased by a factor up to three times that of unreinforced soil. 



Tension in 
Reinforcement 



Fig. 2.8 Assumed Failure Mechanism under a foundation supported by reinforced earth 


Brown and Poulos (1981) have applied the finite element method for the analysis 
of reinforced soil bed incorporating elasto-plastic soil model satisfying Mohr-Coulomb 
failure criterion, elastic reinforcement strip and a model for soil-reinforcement bonding 
which allows for slippage governed by a Mohr-coulomb failure criterion. 

Giroud and Noiray (1981) have made a quasi-static analysis of the unpaved road 
mechanism with and without geotextile reinforcement. The analysis was based on the 
consideration of the “tension membrane” effect for the case of plane strain reinforced 
unpaved road deforming under the action of single application of dual wheel load. 
Assuming an allowable rut depth, load spread angle, suitable geometric configuration 
and firm anchorage of the reinforcement, the strain in the reinforcement can be 
calculated. Once the strain is known, the tension in the reinforcement can be estimated 
from the stiffness of the reinforcement. Design charts have been prepared for the 
reduction in road base thickness, due to reinforcing effect of geosynthetic for various 
traffic intensities. 

Bourdeau et al. (1982) analysed the membrane action of the reinforcement on the 
load-settlement response of two-layered soil. The geotextile is introduced at the 
interface of the two layers. Probabilistic stress distribution was considered. 
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Haliburton and Barron’s (1983) design method was based on small-scale model 
tests resting on dense sand. Results show that the bearing capacity of reinforced 
aggregate increases to more than twice and the load-deformation modulus three to five 
folds of the unreinforced system by optimum placement of the fabric. 

Sawicki (1983) applied plasticity theory to estimate the ultimate bearing 
capacity of reinforced soil. Both rigid-plastic and elasto-plastic models have been 
applied for analyzing the microbehaviour of the reinforcement soil composite. 

Fragaszy and Lawton (1984) conducted a series of laboratory model tests 
designed to determine the influence of soil density and reinforcing strip length on the 
load settlement behavior of reinforced sand. When bearing capacity ratio is calculated at 
a settlement equal to 10% of the footing width, the bearing capacity ratio is independent 
of soil density. When calculated at a settlement of 4% of the footing width, the 
percentage increase in the bearing capacity appears to' be less for loose sands than for 
dense sands. 

Guido et al. (1986) conducted laboratory model tests on bearing capacity of 
geogrid and geotextile reinforced earth slabs. The parameters like coefficient of friction 
between the geotextile and soil, pullout resistance between geogrid and soil, depth 
below the footing of the first layer of the reinforcement and tensile strength of the 
reinforcement were studied. 

Watari et al. (1986) carried out field tests to study the effect of polymer net in 
compensating the shortages of bearing capacity of soft soil when construction fill is 
placed over the soft soil. Measurements were made of the settlement of the fill, heave 
and lateral movement in the soft clay stratum, the strain and hence tensile stresses in the 
polymer-nets during and after the spreading of earthfill. Bearing capacity of the 
reinforced soil has been estimated with the help of modified Terzaghi bearing capacity 
equation (Yamanouchi and Gotoh, 1979) as follows, 

<?. =a,cAf. +r| + + (2.10) 

y B R J 

where as is the shape factor of the footing, No and Nq are Terzaghi’s bearing capacity 
factors, T is the polymer net tensile force per unit length, B is the banking strip width, R 
is the radius of the wedge formed and 0 is the angle formed by the tangent of the above 
circle at the footing edge (Fig. 2.9 ) 
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Fig. 2.9 Effect of Polymernet 

Love et al. (1987) have developed a large strain finite element method to include 
the effect of thin reinforcement layer. 

Nishigata and Yamaoka (1992) investigated the mechanism of geotextile 
reinforcement by conducting two-dimensional models. The contribution of vertical 
component of tensile force developed in the geotextile, restrainment of soft subgrade 
soil and confinement of aggregate (sub-base) layer were considered. The equations for 
ultimate bearing capacity were given and a design chart is proposed for determination of 
aggregate thickness when the shear strength of the subgrade soil and reuired bearing 
capacity of the road system are known. 

Mandal and Shah (1993) investigated the effect of bearing capacity by 
conducting model tests on footings on clay subgrades reinforced with geogrids placed 
horizontally. The improvement in bearing capacity was observed at nearly all levels of 
deformation in the geogrid reinforced clay subgrades. 

Ghosh and Madhav (1994) developed a simple mathematical model to account 
for the membrane effect of a reinforcement layer on the load-settlement response of a 
reinforced granular fill-soft soil foundation system. The non-linear loading pressure- 
settlement response of the granular fill and soft soil, respectively, for plane strain 
loading condition are incorporated into the formulation. 

Yetimoglu et al. (1994) investigated the bearing capacity of rectangular footings 
on geogrid-reinforced sands by performing laboratory model tests and FEM analyses. 
The bearing capacity of reinforced sand was found to increase with reinforcement layer 
number and reinforcement size when reinforcement was placed within a certain 
effective zone. In addition, the analysis indicated that increasing reinforcement stiffness 
beyond a certain value would not bring about further increase in the bearing capacity. 
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Shukla and Chandra (1995) developed a mechanical model for a geosynthetic- 
reinforced granular fill-soft system, which incorporates the effect of compaction of the 
granular fill on its load-settlement response. The model considers large deformations 
and both horizontal and vertical shear stress transfer at the fill-geosynthetic interface. 

Das et al. (1996) conducted experiments on the laboratory model tests to 
determine the ultimate bearing capacity of a strip foundation on a saturated clay slope 
reinforced with a layer of geogrid. The maximum depth of the reinforcement that 
contributes to the improvement in bearing capacity was found to be about 1 .72 B, where 
B is the width of the footing. 

Adams and Collin (1997) carried out 35 large-scale model tests to find out the 
effects of a single and multiple layers of geosynthetic reinforcement placed below the 
shallow footing. Two different types of geosynthetics, stiff biaxial geogrid and a geocell 
were used to carry out the tests. Results showed that the use of geosynthetics for 
foundation soil would increase the ultimate bearing capacity of shallow spread footings 
by a factor of 2.5. 

2.6 Conclusions 

A literature review shows that great deal of progress has been achieved with 
regard to pullout response of reinforced earth. But, the response of reinforcement 
subjected to an oblique/transverse force is not studied. The analysis of reinforcement 
due to a transverse force is covered in the subsequent chapters. Finally, based on the 
proposed model, a method for the estimation of the bearing capacity of a two-layered 
soil with a sheet reinforcement inclusion is presented. 


17 



Chapter 3 


Analysis of Inextensible Sheet Reinforcement 
Subjected to a Transverse Force/Displacement 

3.1 General 

This chapter deals with the analysis of inextensible sheet reinforcement subjected 
to a transverse downward displacement applied at the free end. The analyses is carried 
out assuming (i) full shear resistance is mobilized along the sheet-soil interface and (ii) 
the shear stress is mobilized as a function of the horizontal displacement of the interface 
between the sheet and the soil subjected to a maximum value (i.e, full shear resistance). 
For the first case (full shear stress mobilization) the analyses are carried out assuming 
the response of the soil to transverse displacements to be linear (linear subgrade) as well 
as non-linear (non-linear subgrade). But for the case of shear stress mobilization as a 
function of horizontal displacement of the interface, only the non-linear subgrade 
response is considered in the analysis. 

3.2 Problem Statement 

1 

An inextensible sheet reinforcement of length, L, is embedded at a depth, De, in a 
soil of unit weight, y (Fig. 3.1). The interface shear resistance between the 
reinforcement and the soil is characterized by the angle, (^(|>, the angle of shearing 
resistance of the soil). The problem is to determine the displacement profile of and the 
tension mobilized in the reinforcement due to transverse force, P, applied at point B. 
Alternatively, the displacement profile and the transverse force due to a given transverse 
displacement, wl, of the point, B, are to be evaluated. 
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3.3 Analyses 


3.3.1 Linear Subgrade -Model I 

3.3.1. 1 The Model 

The inextensible reinforcement sheet acted upon by a transverse force, P, or a 
transverse displacement, v/l,, is subjected to uniform normal stresses of intensity, qt 


(=yDe) 


— 

Unit Weight y , 

<i>r 

\ i 





J De 

P or wl 


Fig. 3.1 Definition Sketch 


on the top and stresses of intensity, qb(x), on the bottom surfaces of the reinforcement 
(Fig. 3.2a). The soil below the reinforcement generates additional stresses, i.e (qb-qt) 
due to the downward displacement, wl. The response is represented by a set of Winkler 
springs (Fig. 3.2 b). A typical linear stress-displacement response is considered for 
response of the soil and hence for the Winkler springs (Fig. 3.2 c). 

Stress-displacement response of the subgrade or the Winkler springs is defined by the 
expression 

(qb-qt)=ksw (3-1) 

where w is the normal displacement and ks is the modulus of subgrade reaction of the 
groimd. 

3.3.1.2 Analysis 

The equilibrium of forces on an element (Fig 3.3) of infinitesimal length. Ax, 
and unit width is considered. The tensile forces and the inclination of the left and right 
ends of the element are respectively, T and (T+AT), and 0 and (G+AG) at distances x and 
(x+Ax) from the left end (Point A) of the sheet (Fig. 3.1). 
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(b) (c) 


Fig 3.2(a) Forces acting on Sheet Reinforcement and (b) Idealization of Soil (c) Stress 
Displacement Response of Soil. 



Fig. 3.3 Forces on Infinitesimal Element 

Considering the equilibrium of forces in the horizontal and vertical directions, one gets 
=(r4-Jr)cos(^ + J^)-7’cos^-(9, + q'j)tan(Z>,.Ax = 0 (3.2) 
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5] = (r + dT)sm{e + dd)-T^\ne-{q,-q,)hx = 0 


(3.3) 


For small deformations, as A0-»O, cos A0-> 1 and sin A6->0. Neglecting second order 
terms, Eqs. 3.2 and 3.3 get simplified respectively to 


COS0 - r sin 6*f—l -(^ +^.)tan^ii =0 
\dx J ■ \dx J 


(3.4) 


sin^ 


fdT^ 

\dxj 


+ Tcose 


\dxj 


-(^6-e,) = 0 


(3.5) 


Multiplying Eq. 3.4 by cos 0 and Eq. 3.5 by sin 0 and adding the two, one gets 


dx 


= fa + )cos 8 tan - q, )sin 8 


(3.6) 


Similarly, multiplying Eq. 3.4 by sin 0 and Eq. 3.5 by cos 0 and subtracting the latter 
from the former, one gets 



- fa + )tan sin 8 + {qt- q, )cos ^ = 0 


(3.7) 


But tan 0 = dw/dx, where w is the normal displacement, at a distance, x, from point A. 
Differentiating with respect to x, one gets 




(3.8) 


Combining Eqs. 3.1, 3.6, 3.7 and 3.8, the following equations are obtained 


dx 


= fa + qy)cos8X?in(p^ + k^ws.\n8 


-Tcos^ + A',h’Cos(9 = {q, + q^)s\n8tdxi(p^ 


(3.9) 

(3.10) 


For small 0, Eqs. 3.9 and 3.10 reduce to 

^ = fa+<?i)tan<i5, 
dx 
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+2^,)tan^zJ, 


= {k^w+2yD^)X.zxi(l)^ 


(3.11) 


-T 


d^w 


+ A:jW = 0 


(3.12) 


Eqs. 3.11 and 3.12 are the governing equations for the problem under consideration. 
Eqs. 3.11 and 3.12 are non-dimensionalised with X=x/L,W=w/wl and T*=T/Tinaxp 
where wl is the normal displacement at the right end, i.e, x=L or X=1.0 and 
Tmaxp=2yDeL tan(t)r, the maximum axial pullout force. Eqs. 3.11 and 3.12 become 


dT 

dX 



w 


^W + 2 


(3.13) 


-T 


d^W 

dX^ 


+ 


juW 

2tan^^ 


= 0 


(3.14) 


where u=— ^ is relative stiffness factor . 

Eqs. (3.13) and (3.14) are the governing differential equations in normalized for the 
present model. The boimdary conditions are: slope of and tension in the reinforcement 
are zero at the left end, i.e. at x (or X) = 0, i.e., dw/dx (or dW/dX)= 0 and T(or T*) = 0, 
while at the right end, i.e. at x=L, X = 1.0, the displacement w = WL(or W = 1.0). The 
problem has been posed with firee end displacement, wl, specified rather than specifying 
the force at x=L as it was found to be simpler. The transverse force, P, required to cause 
the displacement, wl, is obtained as part of the response by integrating the soil reaction 
mobilized as 


L 

P= ^k^wdx , (3-15) 

0 

3.3.1.3 Numerical Solution 

The two force equilibrium equations, Eqs. 3.13 and 3.14, are to be solved 
together to obtain the results. As an analytical solution is not possible, a numerical finite 
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difference procedure is proposed. The reinforcement length, L, is divided into ‘n’ sub- 
elements each of length, AL=L/n or AX=l/n as shown in Fig. 3.4. Eqs. 3.13 and 3.14 in 
finite difference form become 

-r 




' L J 


(3.16) 


t t“ 

0 I 


Reinforcement 




i-l 


4 f— 

L l+l 


"■”4 1 

n+ 1 d+2 


Nodes 


Fig 3.4 Discretisation of Reinforcement Length into Elements 


■Z 


AX^ 


2X2X1 <j)^ 


= 0 


(3.17) 


Solving for normalized displacement and normalized tension, one gets 


m 




(3.18) 


2n^Z + 


V 


2tan^^ 




+ T: 


(3.19) 


To obtain the displacement at node 1, the boundary condition dW/dX— 0 at X— 0 leads to 
the condition, Wo=W 2 and Eq. 3.18 for node 1 becomes 


W, 


2n% W 2 


‘ ^ A/ ^ 

2n^T* ^ 

2tan^,. y 


(3.20) 


At x=L or X=1 .0, i=n+l and Wn+i=l -0. 

The transverse force. Pis obtained from by numerical integration of Eq. (3.15) as 



P = Axl 


w, + 


9 

^ i^2 


(3.21) 


The above equation in normalized form becomes 






1 

L n 


W,+\ 

2 




(3.22) 


A given free end displacement at the right end of the reinforcement, the response of the 
soil reinforcement is obtained by solving Eqs. (3.18) and (3.19) for the given boundary 
conditions. The corresponding normalized transverse force to enforce a given free end 
displacement is obtained by Eq. (3.22). 


3.3.1.4 Characteristics of the Model 

A simple mathematical model has been developed to study the response of 
inextensible sheet reinforcement subjected to transverse displacement/force. With the 
application of an applied transverse load or displacement, reinforcement interacts with 
the soil and as a consequence shear stresses at the interface of and tensile forces in the 
reinforcement are generated. The reinforcement-soil interface is characterized by the 
interface friction angle ((j)r). The normal stresses generated due to transverse load 
application are assumed to increase linearly with normal displacement. But in reality, 
soil exhibits a non-linear relationship between stresses and the displacement. This 
drawback is overcome by assuming a hyperbolic relation between stress and 
displacement and the solution given in the subsequent section. ' 

3.3. 1.5 Results and Discussions 

Eqs. (3.18) and (3.19) are solved for reinforcement length (1 to 10 m), unit 
weight of soil, y (15 to 20 kN/m^), depth of embedment, De (1 to 10 m), interface 
friction angle, (20° to 40°) and free end displacement, wl (0.00 1L to O.IL). The 
values of the coefficient of subgrade reaction, kj obtained from Scott (1981) are shown 
in Table 3.1. 
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Table 3.1. Modulus of Subgrade Reaction in MN/m^ 


Soil Characteristics 

Loose 

Medium Dense 

Dense 

Dry or Moist Sand 

6-18 

18-90 

90-300 

Submerged Sand 

7.5 

24 

90 


The range of relative ground stiffhess factor, )j,(=ksL/yDe), becomes 50-100,000. 

Firstly, the convergence of the results has been checked by varying ‘n’, the 
number of elements into which the reinforcement discretised. It has been found that for 
‘n’ values beyond 1000 the accuracy in the values of normalized tension, T* or the 
normalized transverse force, P*. were not affected at the right end. Hence n=1000 has 
been chosen for further analyses. 

The normalized displacement profiles, w/L, versus distance along the 
reinforcement, X, for a relatively small value of free end displacement of wl/L of 0.01, 
and for relative stiffhess factor, \x values of 50, 200, 500, 1000 and 10000, and <|)r values 
of 25° to 35° are presented in Fig. 3.5. For relatively compressible subgrades, i.e. p 
equal to 50, the displacements increase gradually from a short distance of about 0.3L 
from the left end. The points of mobilization of transverse displacements move to the 
right with increasing values of p. The displacements get restricted to a smaller zone 
close to the right end for very stiff subgrade (p=l 0,000). The effect of the reinforcement 
- subgrade interface shear angle on the displacement profiles is relatively small. Larger 
the value of (j)r, more gradual are the increases in the transverse deformations, though 
this increase is not very significant. The effect of (j)r decreases- with increasing values of 
p. Thus the normal displacement profiles are almost independent of (})r for p= 10,000. 
Similar set of results (Fig. 3.6) are obtained for relatively large free end displacement of 
wl/L=0.1. 

The variation of normalized displacement, w/L, with normalized distance, X, for 
different free end displacements of 0.025, 0.05 and 0.1 are shown in Fig. 3.7. For a 
given length of reinforcement, as free end displacement, wl, increases the points of 
mobilization of transverse displacements move towards the left end indicating that large 
tracts of the soil offer resistance. 

The variation in normalized tension, T*, with distance, X, for different values of 
Wl/L and for p=500 and (l)r=30°, is presented in Fig. 3.8. For very small values of wi/L, 
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e.g. 0.001, the tension increases linearly with distance, X. The tension increases sharply 
from a distance, x, of about 0.75L and the rate of increase is non-linear for large free 
end displacements. 

The effect of soil stiffiiess, p, on the variation of normalized tension along the 
length of the reinforcement is presented in Fig. 3.9. For relatively compressible soils 
(p<50), the tension varies almost linearly with distance along the length of 
reinforcement. But for large soil stiffiiess (e.g. p=l 0,000), the normal displacements 
become highly localized near the right end and hence tension increases sharply in that 
portion of the reinforcement length and the rate of increase of tension with x is highly 
non-linear. 

The variation of maximum tension developed with free end displacement is 
shown in Fig. 3.10. The maximum tension is nearly independent of with free end 
displacement for relatively compressible soils (p=50). As p increases, the rate of 
increase of maximum tension with wi/L also increases. 

The variation of inclination, 0 l, of the reinforcement at the ri^t end, i.e at x=L, 
with wi/L for relative stiffness factors of p=50, 500, 2000, 5000 and 10000 is portrayed 
in Fig. 3.11. As the normal displacements are highly localized for stiff soils (Fig. 3.5), 
the inclination of reinforcement with the horizontal at x=L is higher for such soils. 
(e)L=4‘’ for p=50° and 39° for p=l 0,000 at WLyL=0.01 and for (l)r=30°. The variation of 
0L with wl/L is linear for relatively compressible soils (p=50) and non-linear for 
relatively stiff soils (p=l 0,000). 

The maximum tension developed as well as the inclination of reinforcement 
with the horizontal at x=L increase with the enforced free end transverse displacement. 
Thus, the normal component of maximum tension developed with free end 
displacement increases (Fig. 3.12) with wi/L. The rate of increase of normal component 
of maximum tension developed increases with the relative stiffiiess of the soil. The 
normal component of maximum tension developed is negligible to very small for 
relatively compressible soils. 
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Fig. 3.6 Variation of Normalized Normal Displacement with Normalized Distance for 
wl/L=0.1 - Effect of [a. 


















sin(Q)L (0 )l in deg. 



Fig 3.11 Variation of Maximum Inclination with wl/L - Effect of |a 



Fig. 3.12 Variation of Normalized Maximum Normal Component of Tension with Wl/L 
- Effect of p 
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The variation of normalized horizontal component of tension with free end 
displacement, wl/L for relative stiffness of soil, p=50, 500, 2000, 5000 and 10,000 is 
depicted in Fig. 3.13. The horizontal component of tension developed can be interpreted 
as the axial pullout force the reinforcement can resist. For relatively compressible soils 
(p=50), the pullout force equals the maximum axial pullout capacity. The normal 
stresses developed in the soil for relatively stiff soils at a given free end displacement 
are high. Thus the shear stresses developed are also high and hence the pullout force 
that the reinforcement can resist is greater than the axial pullout capacity (T*max cosGl 
>1.0) for relatively stiff soils ()a,>500). The rate of increase of this pullout force 
increases with free end displacement with increasing stiffness of the soil. 

The transverse force, Pl*, mobilized for any free end displacement, wl/L, at the 
free end is estimated from Eq. 3.22. Pl* increases almost linearly (Fig.3.14) for wi/L in 
the range 0 to 0.01. Thus, Pl* ranges from 0.034 to 0.068 for wl/L equal to 0.005 while 
the values vary from 0.555 to 1.154 at wl/L equal to 0.01 for p increasing from 50 to 
10 , 000 . 

The transverse force, Pl*, varies almost linearly with interface friction angle, (j)r 
for different values of wl/L and for p=500 (Fig. 3.15). The rate of increase of P* with 
with (j)r increases with free end displacement, wl/L. A simple linear relation of the form 
PL*=a + b(<t)r-20) is proposed where a and b are constants. The variations of these 
constants, a and b with wl/L are presented in Figs. 3.16a and 3.16b. The variation is 
linear with wl/L. 

The variation of maximum normalized tension, T’max, developed in the 
reinforcement (at the end where transverse downward displacement is induced) with the 
relative stiffness of the soil, p, is presented in Fig. 3.17. For small free end 
displacements (wl/L=0.001), the reinforcement undergoes is very less. Hence there is 
no increments in the shear stresses along the reinforcement due to transverse downward 
displacement are very small. Thus, T*max is independent of p for small wl/L. But, for 
large free end displacements, p has a bearing on the development of T max- At relatively 
large free end displacements (wl/L>0.005), the maximum tension developed increases 
with increase in the relative stiffness of the soil as the normal stresses cause a 
corresponding increase in the shear stresses. 

For a given free end displacement, the transverse displacements become highly 

localized at the right end (Fig. 3.5) for relatively stiff soils. Hence, the inclination of 
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reinforcement, 6l, with the horizontal at x=L, increases with increase in relative 
stiffness, p.. The rate of increase of 6 l with p increases with increase in the free end 
displacement wl/L. 0l ranges from 0.3° to 5° for wl/L=0.001 while the values vary 
from 4° to 39° for wl/L=0.01 for p values increasing from 50 to 10,000 (Fig. 3.18). 



Fig. 3.13 Variation ofNormalized Maximum Horizontal Component of Tension with 
Wl/L - Effect of p 
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Fig. 3.18 Variation of Maximum Horizontal Inclination with [o. 

The variation of maximum normalized normal component of tension, T max 
sin0L, with relative stiffiiess of soil, p, is presented in Fig. 3.19. As the sheet is almost 
horizontal for wl/L=0.001, T*max sin0L, ranges from mostly 0 to 0.1 for p=50 and 
10,000 respectively. The rate of increase of T*max sinGL increases with p and with 
increase in Wi/L, as both the inclination of reinforcement with horizontal 0 l, and the 
maximum tension, T*max developed increase. 

The maximum normalized horizontal component of tension, T max cos0l, is 
almost independent of p and varies from 1.0 to 1.2 for wl/L in the range 0.001 to 0.01 
(Fig. 3.20). 

The rate of increase of normalized transverse force, P*, increases with relative 
stiffness, p , with increase in normalized free end displacement, wj/L (Fig. 3.21). 
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Fig. 3.21 Variation of Normalized Maximum Transverse Force with |a - Effect of wiTL 

3.3.2 Non-Linear Subgrade -Model II 

In section 3.3.1, the stress-displacement response of the soil is beneath the 
reinforcement assumed to be linear. It is commonly found that the soil behavior over a 
wide range of stresses is non-linear and inelastic. The deformation of soil mass is 
controlled by interaction between the individual particles, especially by sliding, rolling 
and crushing. Since all of theses cause non-linear and irreversible deformations, it is 
expected that the stress-strain relationship for soil will be strongly non-linear. Thus, the 
stress developed in the soil cannot increase neither linearly nor indefinitely with 
displacement. It is limited to the ultimate bearing resistance, quit, of the soil. Hence to 
simulate this condition, a hyperbolic stress-displacement response of the soil is 
assumed. 

3,3.2. 1 The Model 

The model is identical to the one explained in section 3. 3. 1.1. In this case, the 
response of the soil from below the reinforcemenfdue to additional stresses, i.e., (qb- qO 
generated due to the application of the transverse force, P, is given by 
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k,w 


(3.23) 


1 + 


k^w 


<lul, 


where ks, quit and w are the initial modulus of subgrade reaction, the ultimate resistance 
and normal displacement of the soil respectively (Fig. 3.22). 



Fig. 3.22 Hyperbolic Response between stress, q and settlement, w 


3.3.2.2 Analysis 

Considering the equilibrium of forces on an element of infinitesimal length, Ax, 
and unit width as described in section 3. 3. 1.2, one can derive 

■^ = fat + )cos ^ tan (j)^ + (q^ - q, )sin 9 (3 .24) 

ax 


■T~-{q,^ ^Jtan^ii, sin^ + - q,)cose = 0 

ax 


(3.25) 


From Eq. 3.8, 


d9 

— = cos ^ — r- 
dx dx 


(3.26) 


Combining Eqs. (3.24), (3.25) and (3.26), the following equations are obtained 

f ^ 


dT 

dx 


(?f + )cos 9 tan (j)^ + 


k,w 


1 

1 + 

V ^ vh ) 


sin 6 


(3.27) 
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-Tcos^e 


d^w 


-++ 


r ^ 
K,w 


1 + 


k^w 

Quh 


= {q, + Qh )sin 6 tan cp^ 


For small 0, Eqs. (3.27) and (3.28) reduce to 

“ = fe,+^i)tan<^, 
dx 


(3.28) 




l + _i_ 

V ^uU 


tan^^ 


,d^w kw 


■+• 


dx^ ^ 

(lul, 


(3.29) 


(3.30) 


Eqs. (3.29) and (3.30) are the governing equations for the model that incorporates the 
non-linear response of the soil. Eqs. (3.29) and (3.30) are non-dimensionalised with 
X=x/L, W=w/wl and T*=T/Tmaxp where Tma)cp= 2 yDgL tan (j)r, the maximum axial 
pullout force. Eqs. (3.29) and (3.30) in normalized form are 


dT* 

dX 


1 

2 







+ 2 


J 


dX^ 


fjW 


• = 0 


2tan^^, \ + pW 


w. 


(3.31) 


(3.32) 


where = 


(iuU 


— a parameter that quantifies the relative initial subgrade modulus 


with the ultimate resistance of the ground. 
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The boundary conditions for the present case are the same as explained in section 
3.2. 1.3 for the present case. The transverse force required to cause the displacement, wl, 
is obtained by integrating the soil reaction mobilized as 


L, 

^=1- 


kw 


0 1 + 


^ulr 


dx 


(3.33) 


3.3.2.3 Numerical Solution 

The discretisation of reinforcement length into elements is as explained in 
section 3.2. 1.4. Eqs. (3.31) and (3.32) in finite difference form become 


T , -.1 -T 1. 

AX 2 


fiW, 


L 


+ 2 

V L J 


(3.34) 


y 


■Z 


AX^ 


+ ■ 




= 0 


2tan^^ 1 + J3W, 


w. 


(3.35) 


Solving for normalized displacement and normalized tension, one gets 


W,= 


T, 


'■ “ / 


2nX + 


r 






(3.36) 


S'+l 


J_ 

2n 


( vv 

\ L 


■ + 2 


+ T, 


(3.37) 


To obtain the displacement at node 1, the boundary condition dW/dx— 0 at X— 0 leads to 
the condition, Wo^W? and Eq. (3.36) for node 1 becomes 
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(3.38) 




2nX^2 


lr?t + 








JJ 


At x=L or X=1.0, i = n+1 and Wn+i=1.0 and at X=0 or i=l, T = T* = 0.0 (no tension). 

As the reinforcement sheet is discretized into "n’ elements and the transverse force, P, is 
obtained by numerical integration as 

r ^ 



1 + -^ 

<lul, J 


Idx 


(3.39) 


The transverse force in normalized form is 


(3.40) 

rD.L 

L 

A given free end displacement at the right end of the reinforcement, the response 
of the soil reinforcement is obtained by solving Eqs. (3.37) and (3.38) for the given 
boundary conditions. The corresponding normalized transverse force to enforce a given 
free end displacement is obtained by Eq. (3.40). The displacement, tension profiles and 
other variations along the length of reinforcement are presented in the following section. 


3.3.2.4 Characteristics of the Model 

A simple mathematical model has been developed to study the behavior of 
reinforcement sheet subjected to transverse force for a non-linear subgrade and full 
shear resistance mobilized along the reinforcement-soil interface. The reinforcement is 
characterized by the interface friction angle ((j)r) only. Unlike the previous model, the 
stresses generated due to the application of a transverse force are limited to the ultimate 
resistance of the soil. A limitation of the model is that under large displacement or 
applied transverse load, the assumption of small angles is not appropriate. 
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3.3.2.5 Results and Discussions 

Based on the formulation presented in the preceding sections, the analysis of 
reinforcement subjected to transverse force is carried out for a wide range of 
parameters, p, p, wl/L and (t)r. Considering the ultimate resistance, quit, to lie in the 
range, 300 to 1000 kN/m^, the value of p(=ksL/ quu) works out to be in the range 50 and 
3000. 

Fig. 3.23 shows the normalized displacement profile, w/L, with normalized 
distance along the reinforcement, X, for a free end displacement of wl/L=0.1, 

[P(=ksL/qu!t)]=1000 and <j)r=30° for relative stiffiiess,p, of 50, 250, 500, 1000, 2000, 

1 

5000 and 100,000. For relatively compressible subgrades (p=50), the transverse 
displacements are mobilized over the entire length of reinforcement. The points of 
mobilization of transverse displacement move to the right with increasing relative 
stiffness of the soil. The displacements become highly localized near the right end for 
very stiff subgrades (p=l 00,000). 

The normalized displacement profiles, w/L vs X for P=100, 500, 1000, 2000 and 
3000 for typical values of p=1000, <l)r=30° and wiyL=0.1 are presented in Fig 3.24. With 
decreasing P(=ksL/quit), tiie points of mobilization of transverse displacements move to 
the right end. Thus as the ultimate resistance of the soil increases, the displacements 
become localized at the right end. For P=3000 and 500, the displacements are mobilized 
from about 0.35L and 0.78L respectively from the left end. 

Fig. 3.25 presents the variation of normalized tension, T*, with normalized 
distance, X. For very soft to very stiff soils, T* increases linearly with X for nearly 0.4L 
from left end. The distance from the left end where the non-linearity between T* vs X 
starts increases with increasing p values. The rate of increase of T* with X also 
increases with p. The maximum tension values increase from about 1.0 for p=50 to 
about 1.8 for p=l 0,000. The highly localized displacement behavior for very stiff soils 
is the reason for sharp increase in T* values. 

The mobilized friction at the interface between the reinforcement and the soil 
and hence the tension developed in the reinforcement increase with the ultimate 
resistance of the soil and hence larger T* values for smaller P(=ksL/quit) values (Fig. 
3.25). The pattern of curves shown in Fig. 3.27 is similar to those in Fig. 3.24. Since for 
P=100, the normalized displacement, W, increases from a point about 0.25L from the 
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(free) end, the normal stresses, the shear stresses and the tension mobilized increase 
rapidly from that point onwards. 

X 


0 0.5 1 



Fig. 3.23 Variation of Normalised Displacement with Normalized Distance -Effect of p 


X 



Fig. 3 -24 Variation of Normalised Displacement with Normalised Distance- Effect of p 
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Fig. 3.27 Variation of Maximum Normalized Tension with Normalized Free End 
Displacement - Effect of p 

Fig. 3.28 depicts the variation of maximum normalized tension, T*n,ax developed 
at the right end with wl/L for p=50, 500, 1000, 5000 and 10000. For very soft soils 
(p=50), the increase in normal stresses generated due to the application of transverse 
displacement/ force/ is negligible and hence the maximum tension developed is equal to 
the axial pullout capacity of reinforcement (T*max =1.0). As the stif&iess of the soil 
increases (p>500), normal stresses on the reinforcement due to transverse 
displacement/force increase. As a result, larger shear stresses are mobilized and the 
maximum tension mobilized become greater then the axial pullout capacity, T*max ^1.0. 
The initial rate of increase of maximum tension with wl/L increases with p. At larger 
enforced displacements, the rate of increase of T’max with wl/L decreases. 

The variation of inclination of reinforcement, 9l, at right end (x=L) with 
normalized free end displacement, wl/L, is presented in Fig. 3.29. The rate of increase 
of inclination, 0l, with wl/L increases with increase in the relative stiffness, p.. For 
relatively compressible soils (p=50), 6 l is equal to 2° whereas the inclination is as high 
as 19° for relatively stiff soils (p=10,000) for wl/L=0.01, |3=1000 and (t)r=30°. 

The same trend as observed for the variation of normalized maximum tension, 
T*n,ax, with free end displacement, wi/L, is followed for the variation of normal 
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component of the maximum tension, T*maxSin0L, developed at the right end (Figs. 3.29 
and 3.27). 



Wl/L 


Fig. 3.28 Variation of Maximum Inclination of Reinforcement with Horizontal with 
wl/L -Effect of |i 



Wl/L 


Fig. 3.29 Variation of Maximum Normalized Normal Tension with Normalized Free 
End Displacement for Different p 
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The variation of horizontal component of maximum tension, T*niax cosGlj with 
normalized free end displacement, Wi/L, is shown in Fig.3.30. The trend is similar to 
that of the variation of normalized maximum tension with wi/L. The normal stresses 
developed in relatively compressible soils (p=50) are less and hence the shear resistance 
developed along the reinforcement-soil interface is also less. Thus, for relatively 
compressible soils (p=50), the pullout capacity due to transverse displacement/force 
almost equals the axial pullout capacity. For p.=50, the pullout force due to transverse 
force is just 1% more than the axial pullout for a free end displacement, wl, equal to 
O.OIL and for p=1000 and <j)r=30° whereas the pullout force is 14% more than the axial 
pullout capacity for the same free end displacement and parameters but for p=l 0,000. 

The variation of normalized transverse force, P*, calculated from Eq. (3.40) with 
wi/L for different p. values of 50, 250, 1000, 2000, 5000 and 10000 is shown in Fig. 
3.31. For very soft soils (p = 50), very small magnitude of normalized transverse force 
of 0.02 is sufficient to lead to a free end displacement of WL/L=0.01,with P=1000 and 
(})r=30°, whereas, normalized transverse force of 0.42 is required to cause the same free 
end displacement for p=l 0,000 and with same set of parameters. The rate of increase of 
P* with wi/L increases with increase in relative stiffiiess of soil, p. For a given soil, the 
rate of increase of P* with wl/L is more at small free end displacements, wl- 

The variation of maximum tension, T*nm, with normalized free end 
displacement, wi/L, is presented in Fig. 3.32. The rate of increase of T*n,ax with Wi/L 
increases with decrease in p (=ksL/quit). 

The transverse displacements are highly localized for soils that have high 
ultimate resistance (i.e. low P magnitude) whereas the transverse displacements are 
mobilized over larger lengths of reinforcement for soils with low ultimate resistance 
(i.e. large P value). Hence, the inclination of reinforcement, 0 l, at the right end (i.e at 
x=L) for soils with p=3000 is as low as 4° compared to soils with p=100 for Wi/L equal 
to 0.01, p=1000 and {t)r=30°. The rate of increase of inclination with wJL increases with 
decrease in P (Fig. 3.33). 

The trend of variation of normal component of maximum tension, T*max sin 9 l, is 
similar to that of maximum normalized tension, T max, with normalized free end 
displacement, wl/L (Fig. 3.34). T*max sin 0 l increases linearly with Wi/L and the rate of 
increase increases with decrease in p. 
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Fig. 3.30 Variation of Maximum Normalized Horizontal Component of Tension with 
Normalized Free End Displacement - Effect of p 



Fig. 3.31 Variation of Normalized Transverse Force with Normalized Free End 
Displacement - Effect of p 
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(0)L(in deg) 








Wl/L 


Fig. 3.34 Variation of Maximum Normalized Normal Tension with Normalized Free 
End Displacement for Different p 

The normal stresses developed in relatively weak soils (i.e large P) are less and 
so is the shear resistance developed along the reinforcement-soil interface due to which 
the pullout force for soils with p=3000 is just 3% more than the axial pullout capacity 
when compared to an increase of 10% for p=100 for wl/L=0.01, |j,=1000 and <l)r=30° 
(Fig. 3.35). 

The variation of normalized transverse force, P*, with normalized free end 
displacement, wi/L, for P(=ksL/yDe) values of 100, 200, 500, 1000, 2000 and 3000 is 
presented in Fig. 3.36 for relative stiffiiess, iJ,=100 and (|)r=30°. The rate of increase of P* 
with wl/L increases with increase in P value. Larger normal stresses are mobilized over 
greater lengths (Fig.3.24) for increasing p values and hence P* increases with increase 
in Wl/L. 

The variation of normalized maximum tension, T max, developed at the right end 
(at x=L), with relative stiffiiess of the soil, |x, is presented in Fig. 3.37 for normalized 
free end displacements, wl/L, equal to 0.001, 0.005 and 0.01 for P=1000 and (j)r=30°. 
The rate of increase of T*niax with p. increases with increase in free end displacement, 
WiVL. The normal stresses developed in the relatively compressible soils are less 
compared to those for stiff soils. Hence, the maximum tension developed is lower for 
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relatively compressible soils and higher for relatively stiff soils at a given free end 
displacement. T max for stiff soils (p=l 0,000) is 20% more than that for relatively 
compressible soils (p=50). 

The variation of inclination, 0 l, of reinforcement at x=L with relative stiffiiess, 
p, is presented in Fig. 3.38. The phenomena of localization of transverse displacement 
increases with increase in stiffiiess of soil and hence an increase in inclination with 
increase in stiffiiess is observed. The effect of this localization is higher at higher free 
end displacements and leads to an increase in the rate of increase of 6 l with p with 
increase in Wi/L. 

The trend of variation of normalized normal component of maximum tension, 
T*maxSin0L, with relative stiffiiess, p, (Fig. 3.39) is similar to that of the variation of 
T*max with WiTL (Fig. 3.37). 

The rate of increase of normalized horizontal component of tension, T*maxCos 0 l, 
with relative stiffiiess, p, increases with increase in normalized free end displacement, 
Wi/L. T*maxCos 0 l increases from 1.00 to 1.03 for wi/L=0.001 for p increasing from 
p=50 to 10,000 for p=1000 and (j)r=30° compared to an increase from 1.01 to 1.14 for 
the same increase in p values and same set of parameters (Fig. 3.40). Thus the effect of 
p in increasing the resistance to pullout force is negligible. 

The rate of increase of normalized transverse force, P*, with relative stiffiiess of 
the soil, p, increases with increase in normalized free end displacement, wl/L (Fig. 


3.41). 

The normal stresses developed in the soil decrease with decrease in ultimate 

resistance of the soil [i.e, with increasing p(=ksL/quit)] and hence the maximum tension, 

T*niax, mobilized in the reinforcement decreases with increasing p values. The rate of 

decrease in T*max with p is high for P in the range 0 to 1500 ®ig. 3.42% The effect of P 

on the mobilization of maximum tension is insignifi^f:^f;j|bj'^^^^i^frj: |ree^^enc^^^ 

displacements (wiyL=0.001). 1 4 1 S 1 

r% 350 * 


The phenomenon of localization of transverse displacelfiSr^’“Bb^bT!rosr**^ 
predominant with increase in ultimate resistance of the soil (i.e with decrease in p 
values). Hence, the inclination of reinforcement at x=L is larger at low values of p and 
the inclination decreases with increase in P value (Fig. 3.43). The effect of p on 
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inclination of reinforcement at x=L is negligible at small free end displacements 
(wiyL=0.001). 



Fig. 3.35 Variation of Maximum Normalized Normal Tension with Nonnalized Free 
End Displacement for Different p 
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Fig. 3.36 Variation of Normalized Transverse Force with Normalized Free End 
Displacement - Effect of P 
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Fig. 3.43 Variation of Inclination of Reinforcement with P 


The inclination decreases from 1.5° to 1° with increase in P from 0 (i..e for the case of 
linear subgrade) to 3000 for wl/L =0.001 whereas it decreases from 16° to 4° for 
Wl/L=0.01 for |u=1000 and (j)r=30°' 

The trend of variation of normalized normal component of maximum tension, 
T max sin 0L, and normalized horizontal component of maximum tension, T max cos Gl, 
with P is similar to the variation of normalized maximum tension, T*maxj with wJL 
(Figs. 3.44 and 3.45). 

Large shear resistance is developed at reinforcement —soil interface at low p 
values due to large normal stresses developed. Hence P* decreases with increase in p 
values. The rate of decrease of P* with wl/L is high for p in the range 0-1500 and the 
rate decreases thereafter. The transverse force required to cause small free end 
displacements (wl/L=0.001) is almost independent of p values (Fig. 3.46). 
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Fig. 3.46 Variation of Normalized Transverse Force with P 


3.3.3 Non-Linear Subgrade and Non-Linear Shear Mobilization 

In section 3.3.2, full mobilization of shear resistance is assumed between the 
sheet and the soil irrespective of the magnitude of horizontal displacement of the 
interface (i.e. ideal rigid plastic type behavior of shear-displacement as shown in Fig. 
3.47a is assumed). 




u 


Fig. 3.47 Shear Stress-Displacement Response of Soil (a) Ideal Rigid Plastic and (b) 
Elasto-Plastic Responses. 
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Eqs. (3.41) and (3.42) are the governing equations for full mobilization of interface 
shear resistance. 


ri=^jtan^^, (3.41) 

T,=q,tdXi^^ (3.42) 

But in actuality, the shear stress mobilized depends on the horizontal 
displacement at the interface between the reinforcement sheet and the soil with the 
maximum value limited to the stresses given by Eqs. (3.41) and (3.42). Hence to 
simulate this condition, a hyperbolic relation between the mobilized shear and the 
horizontal displacement of the interface between the sheet and the soil is considered 
(Elasto plastic behavior of shear-displacement as shown in Fig. 3.47b). 


3.3.3.1 The Model 

The model is identical to the one explained in section 3. 2.2.1 except for the 
relation between the shear stress mobilized and the horizontal displacement of 
reinforcement sheet and soil given by 

r=— (3.43) 

T 

max 

where k^, r^ax and u are the initial slope of shear-horizontal displacement curve, the 
ultimate shear stress and the relative horizontal displacement between the sheet and the 
soil respectively. 



Fig. 3.48 Hyperbolic Response between Shear Resistance, x and Horizontal Displacement, 
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3.3.3.2 Analysis 

Considering the equilibrium of forces of an element of infinitesimal length, Ax, 
and unit width as described in section 3.2. 1.3, one can derive 

^F^={T + dT)cos{e + de)-Tcosd-{T, +r,)Ax = 0 (3.44) 

J]Fy = iT + dT)sm(e + de)-Tsm0-{q^-q,)6x = O (3.45) 

For small deformations, as A0->-O, cos A0-> 1 and sin A0->O. Neglecting second order 
tenns, Eqs. 3.44 and 3.45 get simplified respectively to 


sin 6\ 



-Tsiue 


ydx. 


\dx) 

^dT^ 


f de'' 


+ T cosO 


{dxj 


^dx) 


-(r, +rj = 0 


-(g6-^,)=0 


(3.46) 


(3.47) 


Multiplying Eq. 3.46 by cos 0 and Eq. 3.47 by sin 9 and adding the two, one gets 

^ = {t, +T i,)cos0t + {qi,-q,)smO (3.48) 

dx 

Similarly, multiplying Eq. 3.46 by sin 0 and Eq. 3.47 by cos 0 and subtracting the latter 
from the former, one gets 

4-rJsin^ + ((3'i -^,)cos^ = 0 (3.49) 

dx 


Using the relation given by Eq. (3.43), 


=■ 


k^u 


1 + 


k^u 

(r ) 

max // 


(3.50) 


where ), is the maximum shear that can be mobilized at the top of reinforcement 
sheet. 


(^max), = ?rfan^zi,=7Z),tan?i, 


(3.51) 
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Substituting Eq. 3.51 in Eq. 3.50, one gets 




1 + 


k^u 

k^u 

yD^ tan (p 


Similarly, = 


k^u 


1 + 


k^u 

(^max )a 


(3.52) 


(3.53) 


Where the maximum shear that can be mobilized at the bottom of the 

reinforcement sheet. 


(^max)A = 96tan^zi, 


r^e+- 


k,w 


1 + 


<lul, . 


tan^,. 


(3.54) 


Substuting Eq. 3,54 in Eq. 3.53, one gets 



(3.55) 


But tan 0 = dw/dx, where w is the normal displacement at a distance, x, from point A. 
Differentiating with respect to x, one gets 


dx 



(3.56) 


For a subgrade with non-linear (hyperbolic) response, (Fig. 3.22) 

The increment in normal stress due to the normal displacement of the reinforcement 
sheet is 
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For small 0, Eqs. 3.5^ and 3.59 reduce to 
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Eqs. 3.60 and 3.61 are the governing equations for the model that incorporates non- 
linear subgrade and non-linear shear-horizontal displacement responses of the soil and 
the interface. Eqs. 3.60 and 3.61 are non-dimensionalied with X=x/L, W=w/wl, U=u/L, 
T*=T/Tmax where Tmax= 2 yDgL tan (j)r, the maximum axial pullout force. Eqs, (3.60) and 
(3 . 6 1 ) in normalized form are 
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where M 
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and/?=— ^are defined in section 3.2. 1.3 and 3.2.2.2 
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77 =— — Relative initial shear stiffness factor for the soil. 

A 

The boundary conditions for the present case are the same as detailed in section 3. 2. 1.3. 
Eqs. (3.33), (3.34) and (3.35) derived for the determination of transverse force for a 
given transverse/ vertical displacement, wl, hold good for this case also. 


3.3.3.3 Numerical Solution 

The discretisation of inextensible reinforcement length into elements is as 
explained in section 3.2. 1.4. Eqs. 3.62 and 3.63 in finite difference form become 
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Solving for normalized displacement and normalized tension, one gets 
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3.3.3.4 Calculation of Horizontal Displacement along the Length of Reinforcement 

The inextensible sheet reinforcement is divided into ‘rie’ elements (Fig. 3.49) 
each of length Ax. 1, 2, 3... n, (n+1) are the nodes in the original imdeformed position 
of the sheet, wi, W 2 , W 3 . ..., Wn, Wn+i indicate the vertical displacement profile of the 
sheet due to an application of transverse force. It is assumed that the (n+1)*** node 
deforms vertically downwards [indicated by (n+ 1 )' ] which is true for small transverse 
forces applied. Thus the horizontal displacement of (n+l)*'’node is zero. From (n+l)"* 
node, a distance equal to elemental length Ax is marked along the vertical displacement 
profile (indicated by n' ) to locate the position of n*** node in the deformed position. The 
horizontal displacement of n*** is determined by the horizontal distance between n*** and 
n' *** assuming in-extensible reinforcement. The same procedure is adopted to locate (n- 
1)'** node starting from n' "* node and so on. Thus the horizontal displacements of all the 
nodal points along the reinforcement sheet are evaluated. 


£ 
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Fig. 3.49 Procedure for Calculation of Horizontal Displacements along the Reinforcement 


3.3.3.5 Characteristics of the Model 

Unlike the previous model, the shear stress mobilized along the length of the 
sheet is taken as a function of the horizontal displacement of the reinforcement sheet, 
limited by the ultimate shear resistance that can be developed between the sheet and the 
soil. A limitation of this model is that under large displacement or applied transverse 
load, the assumption of small angles is not appropriate. 

3.3.3.6 Results and Discussions 

Based on the above formulation, the analysis of reinforcement subjected to 
transverse displacement/force is carried out for a ranges of parameters p, p, wl/L, (j)r and 
p. The value of initial shear stiffiiess, k^, is taken as (1-10) times the initial subgrade 
modulus, ks. Hence, the effect of ri(=k^L/YDe) on the response of the reinforcement is 
studied in the range 10 to 1,000,000. 

Fig. 3.50 shows the normalized displacement profiles with normalized distance 
for wl/L=0.1, P=1000, ti= 500 and (t)r=30°, for relative stiffness factor of soil, p, equal to 
200, 500, 1000, 2000, 3000 and 10000. For relatively compressible subgrades (p<200), 
the transverse displacements are mobilized over the entire length of the reinforcement 
whereas the transverse displacements get highly localized towards the right end for 
stiffer subgrades (p=l 0,000). ). A comparison of response of Model II (non-linear 
subgrade with full shear mobilized along sheet-soil interface) with the present model 
reveals that for a non-linear shear stress-displacement model (Figs. 3.23 and 3.50), the 
transverse displacements get mobilized over larger lengths of reinforcement. For 
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wl/L=0.1, |a=500, p=1000 and (l)r=30°, the length over v^hich transverse displacements 
are mobilized is 0.6L measured from the point of application of displacement/transverse 
force for full shear mobilization case while it is 0.75L for the above same parameters 
but with non-linear shear mobilization-horizontal displacement parameter, t]=500. 

Fig. 3. 5 1 shows the variation of transverse displacement profiles with normalized 
distance for different values of p(=ksL/quit) values for p=500, ti=500, wl/L= 0.1 and 
(j)r=30°. The points of mobilization of transverse displacements move towards the left 
end with decrease in ultimate resistance of the soil (i.e with increase in P value). 

The effect of relative initial shear mobilization factor, r\, on the variation of 
transverse displacement profiles, W, with normalized distance, X, is presented in Fig. 
3.52. As the non-linearity of the relationship between the shear stress mobilization and 
horizontal displacement of interface between reinforcement and sheet increases (i.e as q 
increases), the length of mobilization of transverse displacements increases. Very large 
ri values (ri= 10,000) indicate that the shear stress mobilized approaches the full or 
maximum shear mobilization between the reinforcement and the soil. Hence for r) 
values beyond 2000, no change in the transverse displacement profile is evident. 

The variation of normalized horizontal displacement, U, of reinforcement with 
normalized distance, X, for different relative stiffiiesses of soil, p, is presented in Fig. 
3.53 at p=1000, 11=500, Wl/L=0.1 and (j)r=30°. The straight horizontal portion response 
indicates the rigid body movement for that portion of the reinforcement. The points 
marked on the curve indicate the extent up to which the rigid body movement takes 
place from the left end. The length over which rigid body movement of reinforcement 
occurs from left end, increases with increasing stiffiiess of the soil. The length over 
which rigid body movement of reinforcement occurs is 0.35L from the left end for p=50 
whereas it is 0.8L for p=10,000. The horizontal displacement at the right end (x=L) is 
zero as the sheet is assumed to undergo a purely vertical translation at that end. The rate 
of decrease of horizontal displacements of reinforcement from the point of rigid body 
translation to zero is high in case of relatively stiff soils (p=l 0,000). 

The variation of normalized horizontal displacement of reinforcement, U, with 
normalized distance, X, for P(= ksL/quu) equal to 100, 500, 1000, 2000 and 3000 is 
presented in Fig. 3.54 for p=500, q=500, wl/L=0.1 and (|)r=30®. As the ultimate 
resistance of the soil increases (i.e, for decreasing p values), the length over which the 
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rigid translatory movement of reinforcement takes place also increases. It is about 0.75L 
for |3=100 whereas it is about 0.35L for p=3000 at )j,=500, r|=500, wl/L= 0.1 and 
(j)r=30°. The rate of decrease of horizontal displacements of reinforcement from rigid 
body translation to zero is high in case of soils with high ultimate resistance (low p 
value). 

X 

0 0.5 1 



Fig. 3.50 Variation of Normalized Displacement with Normalized Distance -Effect of p. 
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Fig. 3.5 1 Variation of Normalized Displacement with Normalized Distance -Effect of P 
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Fig. 3.52 Variation of Normalised Displacement with Normalised Distance - Effect of r] 
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Fig. 3.53 Variation of Horizontal Displacement with Normalised Distance - Effect of p 
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displacement/load is applied. As the displacement of interface is zero at the right end, 
the rate of increase of tension decreases as one approaches the right end (x=L). 

Similar variation can be observed with the parameter p (=ksL/quit) (Fig. 3.57). 

The effect of relative initial shear stiffness, t], cn the variation of normalized tension, 
T , with normalized distance, X, is shown in Fig 3.58. For a given horizontal 
displacement of the interface, the shear mobilized will be larger for large t] (as non- 
linearity increases with increasing r]). Hence the shear mobilized along the 
reinforcement increases with increasing t) values. For ri>2000, the tension developed 
along the length remains the same as the shear mobilized approaches the maximum 
value. Hence the curves showing the variation of tension with distance for ri^OOO and 
full shear mobilization case overlap each other. 

The rate of increase of maximum normalized tension, T*max, developed at the 
right end with normalized free end displacement, Wi/L, increases with increase in 
relative stiffness of the soil (Fig .3.59). Large normal stresses are induced in the soil 
over larger lengths for large free end displacements. Hence, the shear resistance along 
the interface increases and so does the maximum tension developed at x=L. The tension 
is found to increase linearly with Wl/L for relatively compressible soils (p=50) but 
becomes non-linear for stiff soils (|i=l 0,000). 

The transverse displacement profile becomes .highly localized with increase in 
the enforced free end displacement, wl. Hence, large inclinations of reinforcement are 
observed for large wi/L (Fig 3.60). The variation of horizontal inclination, 0 l, with 
normalized free end displacement, wl/L, is linear for relatively compressible soils but 
becomes non-linear with increase in the relative stiffness of the soil. The rate of increase 
of 0L with wl/L increases with increase in the stiffness of soil. 

The variation of normalized normal component of maximum tension, T*inax 
sin0L, is linear with normalized free end displacement, wl/L, for Wl in the range of 
O.OOIL to O.OIL and for p in the range 50 to 10,000 for p=1000, t|= 500 and (j)r=30° (Fig. 
3.61). The rate of increase of T*max sin0L with wl/L increases with increase in the 
relative stiffness of the soil, .p. The normal component of maximum tension developed 
is insignificant for relatively compressible soils (p=50). T*niax sin0L being equal to 0.02 
for wl/L=0.01 for p-1000, ^=500 and (j)r=30° 
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Fig. 3.58 Variation of Normalized Tension with Normalized Distance- Effect of rj 
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Fig. 3.61 Variation of Maximum Normalized Normal Component of Tension with wl/L 
- Effect of |a 

The variation of normalized horizontal component of tension, normal range 
O.OOIL to O.OIL and p, in the range 50 to 10,000. The rate of increase of T*niaxCOS0L with 
wl/L increases with increase in p (Fig 3.62) 

The variation of normalized transverse force, P*, with Wl/L for relative stiffiiess 
of the soil, p, equal to 200, 500,1000, 2000, 5000 and 10,000 is presented in Fig.3.63. 
The rate of increase of transverse force with wi/L increases with increase in relative 
stiffness of soil, p. The variation of P* with wi/L is almost linear in the range p=200 to 
10,000 for 13=1000, ti= 500 and (t)r=30° (Fig 3.63) 

Large normal stresses are induced in the soil over larger lengths of 
reinforcement for greater free end displacements, wl. Hence the large shear resistance 
mobilized along the sheet-soil interface cause an increase in the maximum tension, 
T*max, developed at x=L with wl/L. The variation of T*max, with wl/L is linear for p in 
the range 100-3000 for p=500, ri=500 and (j)r=30® (Fig. 3.64). 

Due to localization of transverse displacements at large free end displacements, 
wl, the inclination of reinforcement, at x=L increases with Wl/L. The effect of 
localization increases with increase in the ultimate resistance of the soil, quit (i.e for low 
P values). Hence, the rate of increase of 0i, with wl/L increases with increase in p 
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values (Fig 3.65). The variation of normalized normal component of tension, T*niax 
sinGt, with normalized free end displacement, wl/L, is presented in Fig. 3.66. The 
variation is almost lineat for wl in the normal range of O.OOIL to O.OIL but becomes 
non-linear for smaller p values (P<500).' 

The trend of variation of normalized horizontal component of tension, 
T*maxCoseL, with normalized free end displacement, wl/L, (Fig. 3.67) is similar to that 
of the variation of T*niax with Wi/L (Figs. 3.64) 

The variation of normalized transverse force, P*, with normalized end 
displacement, wl/L, is shown in Fig.3.68. The trend of variation is similar to that of the 
variation of T max sin0L with wl/L. The rate of increase of P with wl/L increases with 
decreasing p. 

The normalized maximum tension varies linearly with normalized free end 
displacement, wl/L, for smaller initial shear stiffriess of the soil (t|< 1000) but the 
variation becomes non-linear as the shear stiffoess increases (i.e at higher T) value). The 
rate of increase of T*max with Wl/L decreases for large free end displacement, wl, for 
higher t) values (Fig. 3.69). 

The effect of localization of transverse displacements near the right end for 
increasing free end displacements causes an increase in inclination of reinforcement, 0l, 
at x=L. The rate of increase of 0 l increases with decreasing t| values (Fig. 3.70). 

The variation of normalized normal component of maximum tension, T*max 
sin0L, is linear with normalized free end displacement, wl/L, for wl in the range of 
0.001 to O.OIL and t) in the range 10-10,000 for p=500, P=10Q0 and (j)r=30° (Fig. 3.71). 

The variation of normalized horizontal component of tension, T'max cos0l, with 
Wl/L (Fig. 3.72) is similar to that of the variation of T*max sin0L with wi/L (Fig. 3.7 1). 
The variation of normalized transverse force, P*, with wi/L is linear for smaller relative 
initial shear stiffness, r\, but becomes non-linear at high r\ (ri of the order of 10,000) as 
the relationship between shear stress -displacement becomes highly non-linear (Fig. 
3.73). 

The rate of increase of normalized tension, T*, with normalized free end 
displacement is high for relatively compressible soils (p <2000) but the rate decreases at 
higher stiffnesses of the soil (Fig. 3.74). 
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The effect of localization of transverse displacements near the right end 
increases with increase in the relative stiffiiess of the soil, p. Hence the inclination of 
reinforcement with horizontal, 6 l, at x=L increases with jj.. The rate of increase of 0 l is 
high for relatively compressible soils (}i<5000) (Fig. 3.75). 



Fig. 3.62 Variation of Normalized Maximum Horizontal Component of Tension with 
wl/L - Effect of |i 
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Fig. 3.63 Variation of Normalized Transverse Force with wl/L - Effect of p 
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Fig. 3.64 Variation of Normalized Maximum Tension with wi/L - Effect of (B 
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3.65 Variation of Inclination of Reinforcement at x=L - Effect of p 
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Fig. 3.69 Variation of Normalized maximum Tension with wl/L - Effect of ri 
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Fig. 3.70 Variation of Inclination of Reinforcement at x=L - Effect of r| 
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Fig. 3.71 Variation of maximum Normalized Normal Component of Tension with wl/L 
- Effect of T] 
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Fig. 3.72 Variation of Maximum Normalized Horizontal Component of Tension with 
Wl/L - Effect of T] 
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Fig. 3.73 Variation of Normalised Transverse Force with wi/L - Effect of -q 








The trends of variations of normalized normal component of tension, T*max sinSi 
(Fig. 3.76) and normalized horizontal component of tension, T^max cos0l, (Fig.3.77) 
with relative stiffness of soil, p, are similar to that of the variation of T*niax with p (Fig 
3.74). The pullout force is less than the axial capacity for the entire range of p from 50- 
10,000 for a free end displacement, Wl equal to O.OIL, and for P=1000, ti= 500 and 
(l)r=30°. 

The variation of normalized transverse force, P*, with relative stiffness of soil, 
p, is presented in Fig. 3.78. The transverse force required to enforce a given free end 
displacement, wl, increases with p because of increase in the shear resistance along the 
reinforcement-soil interface due to mobilization of higher normal stresses. 

The normal stresses developed in the soil decrease with increase in 
ultimate resistance of the soil (i.e with decreasing P(=ksL/quit) value) and hence the 
variation of normalized maximum tension, T*max , with p as shown in Fig.3.79 is 
observed. 

The inclination of reinforcement, 0 l, decreases asymptotically with increasing P 
(Fig. 3,80) because of the phenomena of localization of transverse displacements near 
the right end for large P values. 

The trends of variations of T*max sin0L (Fig. 3.81) and T*max cos0l (Fig. 3.82) 
with P are similar to that of T*max with p (Fig. 3.80). The pullout force is just 22% of the 
axial pullout capacity for p=1000, p=500, ti=500, wl/L=0.01 and (j)r=30°. 

The normalized transverse force, P*, decreases with increase in p but becomes 
constant at large P (Fig. 3.83) when the shear resistance mobilized at the interface 
reaches the maximum shear resistance. 

The shear resistance mobilized along the reinforcement is higher for relatively 
higher shear stiffness of the interface (i.e for large r\ value). At some stage, the shear 
stress reaches the maximum value equal to the full mobilization case. Hence, the rate of 
increase of tension decreases with increase in r| value and for large ti (ri= 10,000), it 
becomes nearly constant indicating the full shear mobilization condition (Fig. 3.84) 

The maximum inclination of the reinforcement, 0 l, decreases rapidly for small 
initial shear stiffhess of soil but becomes nearly constant at large r] values (ti>5,000) 
(Fig. 3.85). 
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The trends of variations of normalized normal component of tension, T*max sin0L 
(Fig. 3.86) and normalized horizontal component of tension, T*max cosG^Fig. 3.87), 
with T] are similar to the variation of maximum tension developed at x=L with T](Fig. 
3.84). 

The normalized transverse force, P*, increases with ri due to increase in the 
shear resistance mobilized along the interface. At large p, the shear resistance reaches 
the full (maximum) shear resistance along the interface and hence becomes almost 
constant. The ti>5000, P* becomes almost constant for p=500, p=1000, 4)r=30° and 
wl/L=0.01 (Fig. 3.88). 

The variation of normalized shear mobilized (T*=t/yDe) along the reinforcement 
for varying t) is shown in Fig. 3.89. The shear mobilized remains constant for some 
portion of the length measured from the left end because of the rigid body movement 
over this portion of reinforcement. As the mobilization of transverse displacement and 
displacement of interface takes place, the shear mobilized increases from the constant 
value but reaches a value of zero at the right end where transverse force is applied (since 
the displacement of interface is assumed zero at this point). For ti> 2000, there is no 
ftirther increment in shear mobilization as the shear mobilization reaches its ultimate 
value. 
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Fig. 3.76 Variation of Normalized Maximum Normal Component of Tension with p 
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Chapter 4 


Analyses for Extensible Reinforcement subjected 
to Transverse Downward Force/Displacement 

4.1 General 

The previous models dealt with the analyses of an inextensible reinforcement 
subjected to a transverse downward displacement at the right end. This chapter focuses 
on the analyses of an extensible reinforcement subjected to free end transverse 
downward displacement. Burd (1995) in the analysis of membrane action in reinforced 
unpaved roads, proposed a method for the determination of length of extensible 
reinforcement over which shear stress is mobilized. Burd’s theory is applied to the 
present problem to locate the position on the reinforcement where tension becomes 
zero. The length over which the shear stress is mobilized is defined as the “active length 
of reinforcement”. The main difference in the analyses of inextensible and extensible 
reinforcements lies in the fact that the shear stresses are mobilized over the entire length 
of an inextensible reinforcement whereas they are mobilized only over the active length 
for an extensible reinforcement. The analyses are carried out assuming full mobilization 
of shear resistance along the sheet-soil interface. The analysis is carried out for two 
cases; (i) assuming the response of the soil to transverse displacements to be linear 
(linear subgrade) and (ii) assuming the response of the soil to transverse displacements 
to be non-linear (non-linear subgrade. 

4.2 Problem Statement 

An extensible sheet reinforcement of stiffness, J, and length, L, is embedded at a 
depth, De, in a soil of unit weight, y (Fig. 4.1). The interface shear resistance between 
the reinforcement and the soil is characterized by the angle, (t)r(^4>, the angle of shearing 
resistance of the soil). The problem is to analyze the displacement profile of and the 
tension mobilized in the reinforcement due to transverse force, P, applied at point B. 
Alternatively, the displacement profile and the transverse force due to a given transverse 

displacement, wl, of the point, B, are to be evaluated. 
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Fig. 4.1 Definition Sketch 


4.3 Procedure for Locating Active Length of Reinforcement 

AB is the undeformed shape of the extensible reinforcement (Fig. 4.2). As the 
reinforcement is extensible, some portion A-A' of the reinforcement remains intact 
whereas the portion of the reinforcement between A* and B undergoes transverse as well 
as horizontal displacements under the application of transverse displacement/force at 
point B. Thus the shear stresses are mobilized only in the stretch A-B of the 
reinforcement as shown in Fig. 4.2. No tension is mobilized at and to the left of point 
A‘. This length ‘A*B’ over which the shear stresses are mobilized is defined as the 
“active length of reinforcement”, Xq. The active length of reinforcement, Xo, is obtained 
by equating the change of reinforcement length associated with change in geometry to 
the length increase compatible with the strains associated with the developed tensile 



Fig. 4.2. Deformed Shape and Shear Stress Mobilization of Extensible Reinforcement 

stresses along the reinforcement. Thus the increased length of the portion of 
reinforcement, A’B, due to tensile stresses along the reinforcement should equal the 
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length between A -B obtained from the change in geometry of the portion, A'B due to 
the application of downward displacement^force. To locate the position of A‘, the 
reinforcement length is discretized into ‘ne’ elements [l,2,3....(n+l) nodes]. The 
position of A is located by traversing from (n+1)* node towards node 1. As there is no 
shear stress mobilized to the left of a', the tension developed at all nodes to the left of 
and at A is zero. Supposing that A’ corresponds to some node] (l<j<n+l), the extended 
length of reinforcement between A*-B, calculated from the reinforcement strains is 



(4.1) 


where T(x) is the tension developed in the reinforcement at distance x. 
In finite difference form, the above equation becomes 


i=J ^ 


(4.2) 


where Ti(x) is the average tension developed in the i* element. 

The length of reinforcement between A*-B, calculated from the change in geometry due 
to enforced transverse displacement/force at point B, is given by 



+ 


{dxj 


dx 


(4.3) 


In finite difference form, Eq. (4.3) becomes 




l=J 


V J 


dx. 


Eqs. (4.2) and (4.4) after normalizing reduce to 




+ 




vn-ly 


(4.4) 


(4.5) 






(4.6) 
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where L\'=[}JL, L'* =L\IL, Xo=\JL, T*=T/T„ax, T„ax=2yDeL tan(|)r - the 

maximum pullout force and J =J/2YDeL tan(j)r, the relative stiffness of the reinforcement. 

Xo is to be located iteratively. Suppose in the process of node traversing to locate 
Xo, one is at node ‘k’, the boundary conditions to solve the governing equations for a 
given model (linear subgrade/non-linear subgrade) are: the tension developed in the 
reinforcement at and all nodes to the left of ‘k’ are zero, i.e. Ti=0.0, for l<i< k and the 
slope at node ‘k’ is zero, i.e., (dw/dx)i [or (dW/dX)i]= 0 at i=k. while at the right end, 
i.e. at x=L or X = 1.0, the displacement w = WL(or W = 1.0). 

Using the above boundary conditions, the governing equations for assumed model 
(Linear subgrade model/Non-linear subgrade model) and the stiffness of the 
reinforcement for a given free end displacement at the right end are solved to obtain the 

displacement profile and the tensions developed along the reinforcement. and 
. * 

Lg are evaluated from Eqs. (4.5) and (4.6) and equated. In case they are unequal, 

another immediate node to the left of node k, i.e. (k-1) is selected and the above 

1 * 

procedure repeated. This process of node traversing is continued until the lengths, 

and Zg computed from Eqs. (4.5) and (4.6) equal. To start with, k is taken to be at node 

(n+1) and ‘k’ is traversed from node (n+1) towards L.The maximum value of Xo can be 
1.0 i.e, Xo=L, the full length of reinforcement (the case in which the shear stresses are 
mobilized for the entire length of the reinforcement). 


4.4 Analyses 

4.4.1 Linear Subgrade - Model I 

4.4.1.1 The Model 

The extensible reinforcement sheet acted upon by a transverse force, P, or a 
transverse displacement, wl,, is subjected to uniform normal stresses of intensity, qt 
(=yDe) on the top and stresses of intensity, qb(x), on the bottom surfaces of the 
reinforcement (Fig. 4.3 a). The soil below the reinforcement generates additional 
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stresses, i.e (qb-qO due to the downward displacement, wl. The response is represented 
by a set of Winkler springs (Fig. 4.3b). A typical linear stress-displacement response is 
considered for response of the soil and hence for the Winkler springs (Fig. 4.3c). 


Stress-displacement response of the subgrade or the Winkler springs is defined 
by the expression 

(qb-qt)=ksw (4.7) 

where w is the normal displacement and ks is the modulus of subgrade reaction of the 
ground. 



qb(x) 


(qb -qO 


(a) 


I > 4; I I T i 
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Soil Idealised 
as Winkler 
Spring 

of stiffiiess ks 


q 



Fig. 4.3 (a) Forces acting on Sheet Reinforcement and (b) Idealization of Soil (c) Stress 
Displacement Response of Soil. 


4.4.1.2 Analysis 

The equilibrium of forces on an element (Fig 4.4) of infinitesimal length. Ax, 
and unit width is considered. The tensile forces and the inclination of the left and right 
ends of the element are respectively, T and (T+AT), and 6 and (0+d6) at distances x 
and (x+Ax) from the left end (Point A) of the sheet (Fig. 4.4). 

Considering the equilibrium of forces in the horizontal and vertical directions, one gets 
J]F^={T + dT)cos{0 + d0)-Tcose-{q,+ )tan Ax = 0 (4.8) 

=(T + dT)sin(0 + d0)-rsin0 - (qt-q,)^ = 0 
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(4.9) 


X 



Fig. 4.4 Forces on Infinitesimal Element 


For small deformations, as A9 — > 0, cos A9 — > 1 and sin A0 — >• 0. Neglecting second order 
terms, Eqs. 4.8 and 4.9 get simplified respectively to 


cos^ 


sin 6 


j 


■TsinO 




ydxj 


+ T cos 0 


Kdx) 


•(^,+^Jtan<zi, =0 


-fe4-?<)=0 


(4.10) 


(4.11) 


Multiplying Eq. 4.9 by cos 6 and Eq. 4.10 by sin 0 and adding the two, one gets 


dx 


(e, + (lb )cos 0 tan (j)^ + {q^ - q , )sin 0 


(4.12) 


Similarly, multiplying Eq. 4.10 by sin 0 and Eq. 4.1 1 by cos 0 and subtracting the latter 
from the former, one gets 


T—-{q, + qh ) tan sin 0 + {q^-q,)cos0 -0 
dx 


(4.13) 


But tan 0 = dw/dx, where w is the normal displacement at a distance, x, from point A. 
Differentiating with respect to x, one gets 


d0 

— = cos 0 — r- 
dx dx 


(4.14) 


Combining Eqs. 4.7, 4.12, 4.13 and 4.14, the following equations are obtained 
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(4.15) 


dT 

)cos6' tan + /r^wsin 6 
ax 


_ T . d^w 

-T cos" (9 — + 
dx^ 


K^wcos9 = (q, +q^)s,meizn(p^ 


(4.16) 


For small 0, Eqs. 4.15 and 4. 1 6 reduce to 


^ = (<?,+9i)tan^i5, 
dx 




= (k^w + 2rD^)t&n(f>^ 


(4.17) 


d^w 

-T — - + k^w=0 (4.18) 

dx 

Eqs. 4.17 and 4.18 are the governing equations for the problem under consideration. 
Eqs. 4.17 and 4.18 are non-dimensionalised with X=x/L,W=w/wl and T*=T/Tniax 
where wl is the normal displacement at the right end, i.e, x=L or X=1.0 and Tmax=2yDeL 
tan(j)r, the maximum axial pullout force. Eqs. 4. 17 and 4. 1 8 become 


dt 

dX 



L 


W + 2j 


(4.19) 


d^W ^ ixW 
dX^ 2tan^^ 


= 0 


(4.20) 


where p= 


yD, 


is relative stiffness factor. 


4.4.1.3 Numerical Solution 

As an analytical solution is not possible, a numerical finite difference procedure 
is proposed. The reinforcement length, L, is divided into ‘n’ sub-elements each of 
length, AL=L/n or AX=l/n as shown in Fig. 4.5. Eqs. 4.19 and 4.20 in finite difference 
form become 
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Fig. 4,5 Discretisation of Reinforcement Length into Elements 




AX 




(4.21) 




■T: 


W,_,-2W, + W,,, 
AX^ 


.^ = 0 

2tan<z)^ 


(4.22) 


Solving for normalized displacement and normalized tension, one gets 


r. = 


T:n‘(lV,_,+Wj 


( 




Iri^T: +■ 

2 tan (j)^ 


(4.23) 


T, 


/+i 




//)^^ + 2 
^ ' I 


+?: 


(4.24) 


The procedure as described in section 4.3 is used to locate Xo using the above 
governing Eqs. (4.23) and (4.24) for the model. The displacement and the tensions 
corresponding to the node at which Xo is attained are the actual displacement profile and 
the tensions along the reinforcement for the extensible reinforcement. 

The transverse force, P, required to cause the displacement, wl, is obtained as part of 
the response by integrating the soil reaction mobilized as 

L 

P = ^k^wdx (4.25) 

0 

As the reinforcement length is discretised into ‘n’ elements and transverse force, P, is 
obtained as 


P = A:^Ax| 


Wl + 


+ 

2 ,-=2 




(4.26) 
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The transverse force in normalized form is 


P w. 1 

p = = M—— 

yD^L L n 


W, + \ 
2 



(4.27) 


For a given free end displacement, wl/L, applied at the free end, the variations of 
various quantities are presented and discussed in the section 4.4.2.4. The procedure as 
detailed in section 4.3 is adopted to arrive at the active length of reinforcement, normal 
displacement profiles and the tension profiles along the reinforcement. The normalized 
transverse force required to enforce the free end displacement, wiTL, is then obtained by 
Eq. (4.27). 


4.4. 1.4 Characteristics of the Model 

A simple mathematical model has been developed to study the response of 
extensible sheet reinforcement subjected to transverse displacemenfrforce. With the 
application of an applied transverse load or displacement, reinforcement interacts with 
the soil and as a consequence shear stresses at the interface of and tensile forces in the 
reinforcement are generated. The reinforcement-soil interface is characterized by the 
interface friction angle (({),). The normal stresses generated due to transverse load 
application are assumed to increase linearly with normal displacement. But in reality, 
soil exhibits a non-linear relationship between stress and displacement. This drawback 
is overcome by assuming a hyperbolic relation between stress and displacement and the 
solution obtained is given in the subsequent section. The model proposed herein takes 
into account the stiffness of reinforcement in the analysis. A limitation of this model is 
that under large displacements or applied transverse load, the assumption of small 
angles is not appropriate. Consideration of active length, Xo, appears to be appropriate in 
the context of extensible reinforcements. 


4.4.L5 Results and Discussions 


The stiffhess of the geosynthetic reinforcement, J, range from 0-10,000 kN/m. 
Hence, the relative stiffhess of reinforcement, J (=J/2YDeL tan(j)r), is found to vary from 
1 to 1,000. 

For a given stiffness of reinforcement, the normalized active length of 
reinforcement, Xo, increases with increase in free end displacement (Fig.4.6). The rate 
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of increase of Xq increases with the reinforcement stiffhess. For J*=1.0, a length of only 
0.06L mobilizes shear resistance whereas shear resistance is mobilized over the entire 
length for J*=5000 for ^=500, wl/L>0.005 and ^=30°. The full shear resistance is 
mobilized over the entire length even at small free end displacements for very stiff 
reinforcements (Xo=L at wl/L=0.0075 for J*=2000, p=500 and (j)r=30°). 

The effect of relative stiffhess of reinforcement, J*, on the variation of 
normalized normal displacement with normalized distance is presented in Fig. 4.7. The 
point of mobilization of transverse displacements moves towards the left end with 
increasing relative stifftiess of the reinforcement. The length over which the transverse 
displacements are mobilized for extensible reinforcement with relative stiffhess, J*, 
equal to 1, is just 0.05L whereas it is about 0.1 5L for reinforcement with J*=50 for 
wl/L=0.01, iJ. =500 and (j)r=30°. For very stiff (inextensible reinforcement), the normal 
displacement profile is identical to the one obtained by considering the shear 
mobilization for the entire length (Model la). The normal displacement profile obtained 
for J*>1000.0 and fi'om Model la are identical for wl/L= 0.01, p =500 and <j)r=30°. 

The variations of normalized tension with normalized distance for relative 
stiffhess of the reinforcement, J*=l, 10, 50, 100, 250, 500 and >1000 for wl/L=0.01, p 
=500 and (l)r=30°, are depicted in Fig. 4.8. As the stifftiess increases, large tracts of 
reinforcement-soil interfaces mobilize shear resistance. For J*=l, shear resistance is 
mobilized only over a length of O.OIL from the right end whereas for J*>1000, shear 
resistance is mobilized over the entire length of reinforcement. For a given relative 
stiffhess of the reinforcement, the tension increases linearly over the initial portion of 
the reinforcement, the variation becoming non-linear near the right end of the 
reinforcement where large mobilization of transverse displacements takes place. Due to 
mobilization of transverse displacements, the normal stresses developed in the soil are 
high. This results in large increase of the shear resistance mobilized that gets translated 
into larger increase of tension. Hence, non-linearity in the variation of normalized 
tension with normalized distance is observed near the right end. 

The variation of maximum tension, i.e. T* at X=l, developed with wi/L is 
presented in Fig. 4.9 for J =1,10, 50, 100, 250, 500, 1,000, 2,000 and 5,000. The 
maximum tension developed for highly extensible reinforcement (J =1) is negligible 
because shear stresses are mobilized over small tracts of reinforcement. The variation of 
maximum tension developed is linear with wi/L in the range 0.001 and 0.01 for J 



varying from 1 to 1000 for fo, 500 and (j)r~30“. The rate of increase of maximum tension 
increases with increasing relative stiffness of the reinforcement. The maximum 
normalized tension is just 0.08 for relative stiffness of reinforcement, J*=l, whereas it is 



Wl/L 


Fig 4.6 Variation of Normalized Active Length with wl/L - Effect of J* 


X 
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Fig. 4.7 Variation of Normalized Normal Displacement with Normalized Distance - 
Effect of J*. 







as high as 1.12 for inextensible reinforcement (Model 1) at wiyL=0.01 and for |x =500 
and (|)r— 30 . The maximum tension developed for J =1000 and in an inextensible 
reinforcement are the same at WLyL=0.01 for p =500 and (|)r=30° The shear resistance 
get mobilized over the entire length of reinforcement for Wiyi^O.075 for J* equal to 
2000 and wl/L> 0.005 for J =5000. Thus, as the relative stiffiiess of reinforcement 
increases, the shear resistance gets mobilized over the entire length of reinforcement for 
small normalized free end displacements, Wi/L. 

The normal displacements are confined to a small portion near the right end for 
highly extensible reinforcements for a given free end displacement at the right end (Fig. 
4.8). Hence, the inclinations of highly extensible reinforcements with the horizontal at 
x=L is quite high. The inclination of reinforcement with relative stifiBiess, J*=l, is as 
high as 38° at x=L whereas it is 1 1.5° at J*=1000 for p =500 and (j)r=30° (Fig. 4.10). The 
rate of increase of inclination of reinforcement with the horizontal increases with the 
increase in the free end displacement. For J* equal to 2000, the maximum inclination of 
the reinforcement for wl/L>0.005 is the same as that of inextensible reinforcement. 

The rate of increase of normalized normal component of tension, T*niax sin Op 
increases with normalized free end displacement, wl/L (Fig. 4.11). The normalized 
component of maximum tension varies linearly with free end displacement for highly 
extensible reinforcements (J*=l). But the non-linearity increases with increase in the 
stiffness of the reinforcement. 

The variation of normalized horizontal component of maximum tension, T*max 
cos 0L. with the normalized free end displacement, Wi/L, is portrayed in Fig. 4.12. The 
trend of the variation of the normal horizontal component of maximum tension (T niax 
cos 9l) is similar to that of the variation of normalized maximum tension, T*max, with 
normalized free end displacement (Fig. 4.9). The pullout force is much less than the 
axial pullout capacity for highly extensible reinforcements in the normal displacement 
range considered. The pullout force is only 6% of the axial pullout capacity for 
reinforcement with relative stiffness, J =1.0, for a normalized free end displacement, 
WiyL equal to 0.01 and for p=500 and (|)r=30°. For highly stiff reinforcement (J*=5000), 
the pullout force is greater than the axial pullout capacity for wl/L>0.004 for p— 500 and 
f=30°. 
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Fig. 4. 10 Variation of Maximum Inclination with wl/L - Effect of J*. 



Fig. 4. 1 1 Variation of Maximum Normalized Normal component of Tension with wl/L 
Effect of J*. 
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Fig. 4.12 Variation of Maximum Normalized Horizontal component of Tension with 
wi/L - Effect of J*. 

The variation of normalized transverse force, P*, with wl/L for J*=1, 10, 50,100, 
250, 500, 1000 and 2000 and for |j.=500 and (|)r=30° is presented in Fig. 4.13. For J*=1.0, 
a normalized transverse force of 0.05 is sufficient to enforce a normalized free end 
displacement of wl/L=0.01 whereas it increases to' 0.24 a very stiff or inextensible 
reinforcement for the same enforced wl/L. This is due to the fact that active length of 
reinforcement, Xo, increases with increase in the stif&iess of the reinforcement for any 
given free end displacement. The variation of normalized transverse force, P*, is linear 
with normalized free end displacement, wi/L, for relatively extensible reinforcements 
but becomes non-linear as the relative stiffness of the reinforcement increases. The rate 
of increase of normalized transverse force increases with free end displacement for 
increasing relative stiffiiess of reinforcement. For relative stiffiiess as high as 5000, the 
normalized transverse force approaches that for an inextensible reinforcement at a free 
end displacement of wl/L^0.005. 

The variation of normalized active length of reinforcement, Xo, with normalized 
free end displacements, Wl/L, for J*=100 and (l)r=30° is presented in Fig. 4.14 for 
relative soil stiffness, p, of 50, 100, 2000, 5000, 10,000 and 100,000. The active length 
of reinforcement increases with the stiffiiess of the soil for a given free end 
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displacement, wl. The active length of reinforcement, Xq, increases from 0.27L for p=50 
to 0.91L for p,=100,000 at wl/L= 0.01 for J =100 and (t)r=30°. The rate of increase of Xo 
with wl/L increases with increase in relative stiffness, p of the soil. 

The variation of normal displacement profiles, W, with normalized distance, X, 
for J*=100 and (t)r=30° for relative stiffness of soil, p, of 50, 200, 500, 2000 and 10,000 
is presented in Fig. 4.15. The points of mobilization of transverse displacements move 
towards the left end with decreasing relative stiffiiess of the sol, p. The length over 
which mobilization of transverse displacements takes place for extensible reinforcement 
is less compared to that for inextensible reinforcement. For extensible reinforcements 
with J =100, (j)r=30° and p=50, the transverse displacements are mobilized only over a 
length of 0.25L from the right end but it is 0.06L for p=10,000 the same set of 
parameters (Fig. 4.15). 

The variation of normalized tension, T*, with normalized distance, X, for soils of 
relative stiffness, p, equal to 50, 200, 500, 2000 and 10,000 for Wl/L=0.01, J*=100 and 
(t)r=30‘^ is depicted in Fig. 4.16. As the stiffiiess of soil increases, large tracts of 
reinforcement mobilize shear resistance. For p=50, shear resistance is mobilized only 
over a length of 0.18L whereas for p=10,000, shear resistance is mobilized for a length 
of 0.66L from the right end for Wl/L=0.01, J*=100 and (j)r=30°. The normalized tension, 
T*, increases linearly along the reinforcement for relatively compressible soils (p=50). 
The variation of T* with X is linear away from the right end but becomes non-linear 
near the right end for relatively soils (p= 10,000). 

The maximum tension, T*niax, developed in the reinforcement varies linearly 
with wl/L for p in the range 50-10,000 for J*=100 and (()r=30°. The rate of increase of 
maximum tension increases with increasing relative stiffiiess of the reinforcement (Fig. 
4.17). Large tracts of reinforcement-soil interfaces mobilize shear resistance in addition 
to development of large normal stresses for relatively stiff soils. Hence, T max as high as 
1.12 is developed for p=l 0,000 when compared to 0.29 developed for p=50 for J*=100 
and (|)r=30°. 

The inclination of extensible reinforcement with horizontal for stiff soils is quite 
high as the transverse displacements are confined close to the right end (Fig. 4.18). The 
rate of increase of inclination with horizontal increases with wl/L. The inclination of 
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Fig. 4.15 Variation of Normalized Normal Displacement with Normalized Distance 
Effect of J*. 
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Fig. 4. 1 6 Variation of Normalized Tension with Normalized Distance — Effect of J . 






Fig. 4.17 Variation of Normalized Tension with wi/L- Effect of jj. 
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Fig. 4. 18 Variation of Maximum Inclination with wiTL - Effect of ja 
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The rate of increase of normalized normal component of tension, T*niax sin0L, 
increases with normalized free end displacement, wl/L (Fig. 4.19). The variation of 
T maxSin0L with Wl/L is almost linear for relatively compressible soils but becomes non- 
linear for stiff soils. 

The variation of normalized horizontal component of tension, T*maxCos0L, with 
the normalized free end displacement, Wl/L, is portrayed in Fig. 4.20. The variation of 
T max COS0L with Wl/L is similar to that of the variation of normalized maximum 
tension, T*max , with normalized free end displacement (Fig. 4.16 ). The pullout force is 
only 28% of the axial pullout capacity for relatively compressible sols (p=50) whereas 
it increases to 81% of the axial pullout capacity for relatively stiff soils (p,= 10,000) for 
J*=100, wl/L=0.01 and ^r=30°. 

The variation of normalized transverse force, P*, with normalized free end 
displacement, wl/L is linear for relatively compressible soils (|u<500) but becomes non- 
linear with increase in relative stiffness of the soil (Fig. 4.21). A normalized transverse 
force of 0.03 is sufficient to enforce a normalized transverse displacement of 0.01 for 
|j.=50 whereas it increases to 0.96 for p=l 0,000 for the same enforced free end 
displacement. This is due to the fact that the active length of reinforcement, Xo, 
increases with increase in the relative stif&ess of the soil for any given free end 
displacement. The rate of increase of normalized transverse force increases with free 
end displacement for increasing relative stiffness of the soil. 



Fig. 4.19 Variation of Maximum Normalized Normal component of Tension with wl/L 
Effect of/ 
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4.4.2 Non-Linear Subgrade - Model II 


The stress developed in the soil cannot increase with displacement neither 
linearly nor indefinitely. Hence, to simulate such a condition, a hyperbolic stress- 
displacement response of the soil is assumed by restricting the maximum stress 
developed in the soil to that of its ultimate resistance. 


4.4.2.1 The Model 

The model is identical to the one explained in section 4.4. 1.1. In this case, the 
response of the soil due to additional stresses, i.e., (qb - q t), generated beneath the 
reinforcement due to the application of the transverse force, P, is given by 




k^w 


1 + 


^ uU 


(4.28) 


where ks, quit and w are the initial modulus of subgrade reaction, the ultimate resistance 
and normal displacement of the soil respectively (Fig. 4.22). 



Fig. 4.22 Hyperbolic Response between stress, q, and settlement, w 
4.4.2.2 Analysis 

Considering the equilibrium of forces on an element (Fig. 4.4) of infinitesimal 
length. Ax, and unit width as described in section 4.4. 1.2 one can derive 


Trr-t 

= <lb )cos 9 tan + {q^ - q, )sin 9 
ax 
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(4.29) 



(4.30) 


- - fe, + <?6)tan<z>, sin^ + {q^ - q)cos6 = 0 
From Eq. 4.14, 


dd 2 


(4.31) 


Combining Eqs. (4.28), (4.29), (4.30) and (4.31), the following equations are obtained 
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(4.33) 


For small 0, Eqs. (4.32) and (4.33) reduce to 


dx 


= (ei-g/+25',)tan^^ 


... 

— — + 2/D, 
1 

1 + -^ 
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(4.34) 


dx- I , 


= 0 


<luU 


(4.35) 


Eqs. (4.34) and (4.35) are the governing equations for the model that incorporates the 
non-linear response of the soil. Eqs. (4.34) and (4.35) are non-dimensionalised with 
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X-x/L, W-w/wl and T -T/Tmax where Tmax- 2 yDeL tan (})r, the maximum axial pullout 
force. Eqs. (4.34) and (4.35) in normalized form are 


dT _ 1 
dX ~ 2 


w. 


L 

l + ^W^ 


■ + 2 


(4.36) 


.r^+. 


MW 


2Xz.rv4)h-¥ 

V L 


= 0 


(4.37) 


where p = 


<lult 


— a parameter that quantifies the relative initial subgrade modulus 


with the ultimate resistance of the ground. 


The boundary conditions for the present case are the same as explained in section 
4.4. 1.3 for the present case. The transverse force required to cause the displacement, wl, 
is obtained by integrating the soil reaction mobilized as 

f (4.38) 

J) , k^w 
1 + -^ 

Quit 


4.4.2.3 Numerical Solution 

The discretisation of reinforcement length into elements is as explained in 
section 4.4. 1.3. Eqs. (4.36) and (4.37) in finite difference form become 
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(4.40) 


Solving for normalized displacement and normalized tension, one gets 
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(4.41) 


W:=- 


IrfT: +■ 


w. 




T = 

■‘i+i 


In 




w„ 


w, 


• + 2 




+z 


(4.42) 


To obtain the displacement at node 1, the boundary condition dW/dx=0 at X=0 leads to 
the condition, Wo=W 2 and Eq. (4.42) for node 1 becomes 




2n^T^ 


2n% +- 
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■ W, 




(4.43) 


As the reinforcement sheet is discretized into ‘n’ elements and the transverse force, P , is 
obtained by numerical integration as 


n 


/-I 


V ^uh , 


yx 


(4.44) 


The transverse force in normalized form is 


p* _ P (4.45) 

L 

For a given free end displacement, wl/L, applied at the free end, the variations of 
various quantities are presented and discussed in the section 4.4.2. 4. The procedure as 
detailed in section 4.3 is adopted to arrive at the active length of reinforcement, normal 
displacement profiles and the tension profiles along the reinforcement. The normalized 
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transverse force required to enforce the free end displacement, wl/L, is then obtained by 
Eq. (4.45). 

4.4.2.4 Characteristics of the Model 

A simple mathematical model has been developed to study the behavior of an 
extensible sheet reinforcement sheet subjected to transverse force. The reinforcement- 
soil interface is characterized by the interface friction angle ((|)r) only. Unlike the 
previous model, the normal stresses generated due to the application of a transverse 
displacement/force are limited to the ultimate resistance of the soil. Also, the normal 
stress-displacement response of the soil is assumed to be non-linear (hyperbolic). A 
limitation of the model is that under large displacement or applied transverse load, the 
assumption of small angles is not appropriate. Consideration of active length, 
Xo,(Xo=Xo/L) appears to be appropriate in the context of extensible reinforcements. 


4.4.2.5 Results and Discussions 

The variation of normalized active length of reinforcement, X©, with normalized 
free end displacement, wi/L, is presented in Fig.4.23. The active length of 
reinforcement increases linearly with wl/L for relatively extensible reinforcements but 
increases non-linear for stiffer reinforcements. Xo is less than 1 in the normal range of 
Wl/L (0.001-0.01) and for J* in the range 1-1000 for soils with relative stiffness, |j., 
equal to 500, p(=ksL/quit)=1000 and (|)r=30“. Thus, the interface shear resistance is 
mobilized only over a partial length of the reinforcement-soil interface. 

The transverse displacements of reinforcement with relative stiffness, J*, in the 
normal range 1-1,000 are less than those of inextensible reinforcements (Fig. 4.24). The 
length over which normal displacements are mobilized increases with increase in 
stiffness of reinforcement. The normal displacements are mobilized only over a small 
length of 0.06L for J*=l and over a length of 0.36L for J*=1,000 for [1=500, P=1,000 
and (l)r=30°. 

The normalized tension, T*, varies almost linearly along the active length of the 
reinforcement. As the active length of reinforcement increases with stiffhess (Fig. 4.23), 
the tension developed in the reinforcement also increases with stiffhess of reinforcement 
(Fig. 4.25). For relative stiffness of reinforcement of 1000, the shear resistance starts 

mobilizing from a point 0.28L from the left end (x=0). 
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The normalized- maximum tension, T*niax, varies almost linearly with the 
normalized free end displacement, w^/L, applied at the right end of the reinforcement. 
The rate of increase of T niax with wl/L increases with relative stiffness of 
reinforcement, J (Fig. 4..26). T max values for extensible reinforcements are significantly 
smaller than those for inextensible ones in the normal displacement range, w^/L, of 
0 . 001 - 0 . 01 . 

The transverse displacement profiles (Fig. 4.24) indicate that the displacements 
are highly localized near the right end for relatively extensible reinforcements. Hence, 
the inclination of reinforcement is large (Fig. 4.27) for relatively extensible 
reinforcement compared to that of stiffer reinforcements. The inclination is as low as 6° 
for reinforcements with relative stiffness, j", equal to 1000 whereas it is about 23° for 
reinforcements with J*=l. 

The trend of variation of the normalized component of tension, T*max sin 0 l, with 
wl/L (Fig. 4.28) is similar to that of the variation of T*max with Wl/L (Fig. 4.26). 

The axial pullout force is less than the axial pullout capacity (T max cos 
9L<T*axiai) for relative stiffness of reinforcement, J*, in the normal range within 1 ,000. 
The pullout force is 75% of the axial pullout capacity for J* as high as 1 ,000 for an 
induced normalized free end displacement, wl/L, equal to 0.01 for )4,=500, P=1000 and 
f =30° (Fig. 4.29). 
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Fig. 4.23 Variation of Normalized Active Length with wl/L - Effect of J* 
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Fig. 4.24 Variation of Normalized Normal Displacement with Normalized Distance 
Effect of J* 
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Fig. 4.25 Variation of Normalized Tension with Normalized Distance - Effect of J 


120 





max 



Fig. 4.26 Variation of Maximum Normalized Tension with wl/L - Effect of J* 



Fig. 4.27 Variation of Inclination at x=L with wl/L - Effect of J* 
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Fig. 4.28 Variation of Maximum Normalized Normal Component of Tension with wi/L 
-Effect of J* 
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Fig. 4;29 Variation of Maximum Normalized Horizontal Component of Tension with 
wl/L -Effect of J* 
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At large free end displacement, large normal stresses are induced in the soil over 
larger tracts of reinforcement and hence the normalized transverse force, P , increases 
with wl/L. The variation is linear in the normal range of J* (1-1,000). The rate of 
increase of P* increases with J* (Fig. 4.30). 

The rate of increase of normalized active length of reinforcement, Xo, with wi/L 
increasers with decreasing P(=ksL/quit). Xo is much less than 1.0 for p in the normal 
range of 100-3,000 indicating that only partial length of reinforcement is effective in 
offering shear resistance along the reinforcement-soil interface (Fig. 4.31) 

The transverse displacements are highly localized near the right end for P(=ksL/ 
quit) in the range 100-3000 for |j,=500, J*=250 and (j)r=30° (Fig. 4.32). 

The variation of normalized tension, T*, along the reinforcement is linear for P 
in the normal range of 100-3000 for vfiJL equal to 0.01, |i=500, J*=250 and <j)r=30° (Fig. 
4.33). The rate of increase of T* with X increases with decrease in p. The tension in the 
reinforcement is mobilized only for a distance of 0.5L from the ri^t end for p=100 
whereas it is mobilized from a distance of 0.36L for P=3000 for wl/L=0.01, jj.=500 and 
(|)r=30°. 

Larger lengths of reinforcement mobilize shear resistance for soils with higher 
ultimate resistance (i.e. at low p values) (Fig. 4.31) and hence normalized maximum 
tension, T*max, increases with decreasing p at a given free end displacement. T*rnax=0.3 
for P=100 whereas it is 0.20 for p=3,000 for wl/L= 0.01, |a,=500 and (j)r=30° (Fig. 4.34). 

The effect of localization of transverse displacements is higher (Fig. 4.35) near 
the right end for lower p values. Hence, higher inclinations are recorded for lower p 
values. The inclination of reinforcement is as high as 17° for P=100 and it is 7° for 
p=3,000 for wl/L=0.01, J*=250 and [a=500. 

The variation of normalized normal component of tension, T*niax sinSt, is linear 
with wi/L at lower P values but becomes non-linear at higher values of P (Fig. 4.36). 

The trend of variation of normalized horizontal component of tension, T*max cos 
0L, with wfrL (Fig. 4.37) is similar to that of the variation of T*max with wl/L (Fig. 
4.33). The pullout force is much less than the axial pullout capacity for P in the range 
of 100-3,000 and wiyL in the range 0.0001-0.01. The pullout force is just 30% of the 
axial pullout capacity for P=100 for wl/L=0.01, ij,=500 and (j)r=30°. 
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The variation of normalized transverse force, P*, with wl/L (Fig. 4.38) is similar 
to that of the variation of T' max sinGt with wl/L (Fig. 4.36). 
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Fig. 4.30 Variation of Normalized Transverse Force with wl/L - Effect of J* 
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Fig. 4.3 1 Variation of Normalized Active Length with wl/L - Effect of (3 
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Fig. 4.38 Variation of Normalized Transverse Force with wl/L - Effect of |3 






• The pullout force due to transverse displacement is found be be greater than the 
axial pullout capacity for p in the range of 50-10,000 and wi/L in the range 
0.001-0.01 for(t)r=30°. 

MODEL II: Non- Linear Subgrade and Full Shear Mobilization 

• The points of mobilization of transverse displacement move to the right with 
decrease in the non-linearity parameter, P(=ksL/quit). The transverse 
displacements are mobilized from a distance of 0.75L from the left end for 
p=100 and from a distance of 0.35L for p=3000 and for p=1000, wl/L= 0.1 and 
(t)r=30°. 

• The maximum tension developed in the reinforcement, the inclination of the 
reinforcement at x=L and the transverse force required to cause the induced free 
end displacement predicted by this model for p=1000, p=500, wl/L= 0.01 and 
<t)r=30° are less compared to those from Model 1 by 7%, 58 % and 63% 
respectively for the same set of parameters. This reduction in values is due to the 
assumption of non-linear normal stress-displacement response in which the 
maximum normal stress is limited by the ultimate bearing resistance of the soil, 

quit • 

• The pullout force is 5% less for p=1000,’ p=500, wl/L= 0.01 and (j)r=30 
compared to the value based on model 1 for the same set of parameters. The 
pullout force due to transverse force/Displacement is not always greater than the 
axial pullout capacity. 

MODEL 3: Non-linear Subgrade and Non-Linear Shear Mobilization 

• The inextensible reinforcement undergoes rigid body translation over part of its 
length. The length over which this rigid body type translation takes place 
increases with increase in the stiffriess of the soil. For a relatively stiff soils, 
p= 10,000, a length of about 0.8L from the left end undergoes rigid body 
translation whereas it is just 0.35L for p=50 for p=1000, wl/L= 0.1 and 4)r=30 . 
The rate of decrease of horizontal displacements of reinforcement from the point 
of rigid translation to zero at right end (x=L) is high in case of relatively stiff 

soils (p= 10,000). 
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• The length of reinforcement over which rigid body translation occurs increases 
with decrease in p (=ksL/quit). For p=100, a length of 0.75L from the left end 
exhibits rigid body translation compared to a length of 0.3 5L for p=3000 for 
|i=1000, wl/L=0.1 and (j)r=30°. The rate of decrease of horizontal displacements 
of reinforcement from the point of rigid translation to zero at right end (x=L) is 
high in case of soils with high ultimate resistance (low P value). 

• The length of rigid body translation increases with decrease in relative initial 
shear stiffiiess of soil, ri(=kxL/YDe). A length of 0.7L undergoes rigid body 
translation for r|=10 whereas a length of 0.5L exhibits the same for ti=1000 for 
p=1000, ti=1000, wl/L=0.1 and (j)r=30°. 

• Beyond a certain initial shear stifthess of the soil (large t|), there are no 
variations in the transverse, axial, tension and shear resistance profiles along the 
length of the reinforcement. For q^OOO, the displacement, shear and tension 
profiles along the reinforcement do not show any variations along the 
reinforcement for p=1000, |i=1000, wl/L=0.01 and (j)r=30°. For t]^000, full 
shear resistance can be considered to have mobilized along the reinforcement- 
soil interface. 

• The maximum tension developed and the transverse force to give a free end 
displacement of 0.01 are 75% and 80% less' compared to the values model 1 
whereas they are 73% and 80 % less compared to the values based on model 2. 

• The pullout force is 74% and 23% less compared to the values based on models 
1 and 2. The pullout force is not always greater then the axial pullout capacity. 

EXTENSIBLE REINFORCEMENT 

The analyses of extensible reinforcement is carried out using two models: (i) 
Linear subgrade and full shear stress mobilized along the reinforcement and (ii) Non- 
linear subgrade and full shear mobilization. 

MODEL I: Linear Subgrade and Full Shear Mobilization 

• The active length of reinforcement increases with increase in the induced free 
end displacement and also increases with stiffhess of the reinforcement for a 
given free end displacement. 
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• The entire length of reinforcement is active in offering shear resistance at a free 
end displacement, wl, equal to 0.007L for relative stiffness of reinforcement, J*, 
equal to 2,000 whereas the entire length becomes active even at a free end 
displacement, wl, equal to 0.005L for J*=5,000 for |i=500 and (j)r=30°. 

• For a given relative stiffness of the soil, the points of mobilization of transverse 
displacements move towards the right end for decreasing relative stiffiiess of the 
reinforcement, J*. The transverse displacements get mobilized from a distance of 
0.95L for J*=l and at a distance of 0.8L for J*=250 for p=500 and <t)r=30°. 

MODEL II: Non-Linear Subgrade and Full Shear Mobilization 

• The active length of reinforcement increases with decrease in the ultimate 
resistance of the soil (i.e for low P). The active length of reinforcement is 0.5 IL 
for p=100 and 0.364L for p=3000 for p=500, J =250 and (j)r=30°. 

• The pullout force is much less than the axial pullout capacity for relative 
stiffness of the reinforcement, J* in the range of 1-1000 for p=3000, p=500 and 
(t)r=30°. 
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APPENDIX I 


EVALUATION OF BEARING CAPACITY OF REINFORCED BED 

Problem Statement: A strip footing of width, B, is placed in a sand layer with unit weight, 
Y and friction angle, at a depth, Df. below the ground level. A clay deposit with undrained 
cohesion, Cu, and subgrade modulus, ks, underlies the sand layer. The base of the footing is 
at a depth H above the clay deposit. A reinforcement of length with interface friction angle, 
(j)r, and stiffness, J is placed at the interface. The bearing capacity of such a system is 
presented in this section. 

A model is presented to determine the bearing capacity of a footing resting on a 
sand layer underlain by a clay deposit with a sheet reinforcement placed at the interface of 
the two layers (Fig. I.l). A pxmching shear failure is assumed in the top layer followed by 
general shear failure in the bottom soil layer as shown in Fig. 1.2 (Meyerhof, 1974). This 
type of failure occurs when the depth H is relatively small compared to the width of 
footing, B. 



Cohesion, Cu, kj 


Fig. 1. Reinforced Foundation Bed 


The ultimate bearing capacity, qu, for the unreinforced case is 
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where N. is the bearing capacity factor of clay layer and K. is the punching shear 

coefficient obtained from Fig, 2 (Meyerhof. 1974) as a function of friction angle, of the 
sand. 


Eq. (I.l) in normalized form becomes 



20 ° 25 ° 30 ° 35 ° 40 ° 45 ° 50 ° 

ANGLE OF INTERNAL FRICTION if 


Fig. 1.2. Coefficients of Punching Shearing Resistance. 

The original shape ‘ABCD’ of sheet reinforcement is assumed to take the shape ‘AEFD’ 
due to punching mode of failure (Fig. 1.3). 
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Fig. 1.3 Punching Failure with Reinforcement at the Interface 


The increased bearing capacity, quR, of footings due to provision of the sheet reinforcement 
at the interface between sand and clay deposit is 
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where TR=Tn,axSin0niax, is the normal component of tension developed along the sheet 
reinforcement where Tmax is the maximum tension developed in the reinforcement and Gmax 
is the inclination of reinforcement with horizontal at E and F (Fig.1.3). 

In normalized form, equation (1.3) becomes 
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The improvement in bearing capacity is estimated for an inextensible reinforcement placed 
at the interface between the sand and clay deposit. 

Model 3 (Chapter 3) based on non linear response of subgrade and non-linear shear- 
displacement response of the interface and inextensible reinforcement is considered to 
arrive at the tension developed in the reinforcement (Eqs. 3.66 and 3.67 and Fig. 3.47) 
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The improvement in bearing capacity for this case is studied for typical values of 

-^=0.35, —=0.5, —=0.5, — =4.0, <j)=35° and 30°The bearing capacity ratio of 
cN^ BBB 


unreinforced system, q*u, is found to be 2.0.for -^=0.35, —=0.5, —=0.5, — =4.0, 
^ ^ cN^ BBB 

(j)=35°and(|)r=30°. 

The variations of bearing capacity ratio of reinforced foundation bed, , with p, P, ri for 

w 

the above parameters for — =0.015 is depicted in Figs. 1.4, 1.5 and 1.6. 


11 Extensible Reinforcement 

The improvement in bearing capacity for an extensible reinforcement placed just above the 
clay layer is presented in this section. 
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Model II (chapter 4) based on non-linear subgrade and full shear mobilization is 
considered) to arrive at the tension developed in the reinforcement (section 4,4.2) .The 

improvement in bearing capacity for this case is studied for typical values of -^=0.35, 
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=0.5, -—=4.0, (t)=35°, where J* = 
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r{D + H\LIB-\)\3ca(j)^ ' 


J being the 


stiffness of reinforcement. 

The value of the bearing capacity ratio of unreinforced system, q*u 5 for the above 
parameters is found to be 2.0. 

The variations of bearing capacity ratio of the reinforced system, , with P and J* for 


— =0.015 considering the above parameters is depicted in Figs. 1.7 and 1.8. 



Fig. 1.4. Variation of Normalized Bearing Capacity with p with Inextensible 
Reinforcement 
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Fig. 1.5. Variation of Normalized Bearing Capacity with p with Inextensible 
Reinforcement 





Fig. 1.6. Variation of Normalized Bearing Capacity with ri with Inextensible 
Reinforcement 






Fig. 1.8. Variation of Normalized Bearing Capacity with J Extensible Reinforcement 
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y and friction angle, at a depth, Df_ below the ground level. A clay deposit with undrained 
cohesion, Cu, and subgrade modulus, ks, underlies the sand layer. The base of the footing is 
at a depth H above the clay deposit. A reinforcement of length with interface fnction angle, 
(|)r, and stiffness, J is placed at the interface. The bearing capacity of such a system is 
presented in this section. 

A model is presented to determine the bearing capacity of a footing resting on a 
sand layer underlain by a clay deposit with a sheet reinforcement placed at the interface of 
the two layers (Fig. I.l). A punching shear failure is assumed in the top layer followed by 
general shear failure in the bottom soil layer as shown in Fig. 1.2 (Meyerhof, 1974). This 
type of failure occurs when the depth H is relatively small compared to the width of 
footing, B. 
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Fig. 1. Reinforced Foundation Bed 

The ultimate bearing capacity, qu, for the unreinforced case is 
=c^N^+ ^ j^l + ^ tan <l) + yD (Meyerhof, 1 974) 
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where N. is the bearing capacity factor of clay layer and K. is the punching shear 

coefficient obtained from Fig. 2 (Meyerhof. 1974) as a function of friction angle, f of the 
sand. 


Eq. (I.l) in normalized form becomes 
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Fig. 1.2. Coefficients of Punching Shearing Resistance. 

The original shape ‘ABCD’ of sheet reinforcement is assumed to take the shape ‘AEFD’ 
due to punching mode of failure (Fig. 1.3). 
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of Reinforcement 


Fig. 1.3 Punching Failure with Reinforcement at the Interface 


The increased bearing capacity, quR, of footings due to provision of the sheet reinforcement 
at the interface between sand and clay deposit is 
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where TR=TmaxSin0n,ax, is the normal component of tension developed along the sheet 
reinforcement where Tmax is the maximum tension developed in the reinforcement and ©max 
is the inclination of reinforcement with horizontal at E and F (Fig.1.3). 
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1 Inextensible Reinforcement 

The improvement in bearing capacity is estimated for an inextensible reinforcement placed 
at the interface between the sand and clay deposit. 

Model 3 (Chapter 3) based on non linear response of subgrade and non-linear shear- 
displacement response of the interface and inextensible reinforcement is considered to 
arrive at the tension developed in the reinforcement (Eqs. 3.66 and 3.67 and Fig. 3.47) 
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The improvement in bearing capacity for this case is studied for typical values of 
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unreinforced system, q*u, is found to be l.O.for -^=0.35, ^=0.5, ^=0.5, ^=4.0, 
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The improvement in bearing capacity for an extensible reinforcement placed just above the 
clay layer is presented in this section. 

Model II (chapter 4) based on non-linear subgrade and full shear mobilization is 
considered) to arrive at the tension developed in the reinforcement (section 4.4.2) .The 

improvement in bearing capacity for this case is studied for typical values of -^^=0.35, 


B 


=0.5, ^=0.5, — =4.0, (j)=35“, where J* = 


J 


B 


B 


Y{D + H\LIB-\)ia.n(l)^ ’ 


J being the 


stiffiiess of reinforcement. 

The value of the bearing capacity ratio of unreinforced system, q*u, for the above 
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The variations of bearing capacity ratio of the reinforced system, , with j5 and J* for 
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— =0.015 considering the above parameters is depicted in Figs. 1.7 and 1.8. 



Fig. 1.4. Variation of Normalized Bearing Capacity with p with Inextensible 
Reinforcement 
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Fig. 1.5. Variation of Normalized Bearing Capacity with P with Inextensible 
Reinforcement 



n 


Fig. 1.6. Variation of Normalized Bearing Capacity with rj with Inextensible 
Reinforcement 




Fig. 1.8. Variation of Normalized Bearing Capacity with J* Extensible Reinforcement 
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